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Generative Modelling under Epistemic Uncertainty

Abstract

by

MUHAMMAD MUBASHAR

The deployment of Deep Learning in safety-critical domains is hindered by patho-
logical overconfidence and an inability to distinguish between aleatoric uncertainty
(data ambiguity) and epistemic uncertainty (lack of knowledge). This thesis ad-
dresses these limitations by establishing a rigorous framework for Random-Set Deep
Learning, shifting from point-estimate probabilities to belief functions over the power
set of outcomes. Enabled by a novel Budgeting strategy that ensures scalability, this
framework allows models to explicitly represent ignorance.

While we validate these principles through Random-Set Neural Networks (RS-
NN) for classification and a Unified Evaluation Framework, the primary contribution
of this work lies in re-imagining Generative Al under epistemic uncertainty. We
introduce Random-Set Large Language Models (RS-LLMs), which predict belief
functions over token sets to quantify second-order uncertainty, thereby providing
a robust mechanism for hallucination detection. Furthermore, we propose Epis-
temic Generative Adversarial Networks (GANs) and Epistemic Diffusion Models.
By modeling the uncertainty of the generation process itself via second-order distri-
butions, these architectures significantly mitigate mode collapse and enhance sample
diversity compared to standard baselines.

Finally, we demonstrate the practical utility of these generative capabilities in
Autonomous Driving. We introduce the ROAD-INTENT dataset and utilize Random-
Set Vision Language Models (RS-VLMs) to automate the annotation of actor intent

with calibrated uncertainty scores, paving the way for safer, self-aware Al systems.



Chapter 1

INTRODUCTION

Artificial Intelligence (AI) has seen massive growth in the last decade. Deep learn-
ing models can now drive cars, diagnose diseases, and write code. However, despite
these successes, there is a big problem: most of these models are ‘‘overconfident’’.
They tend to be sure of their predictions even when they are wrong. For exam-
ple, a standard neural network might classify a blurry image of a dog as a cat with
99% confidence, or a Large Language Model (LLM) might hallucinate a fact while
sounding perfectly plausible.

This lack of reliable uncertainty quantification is a major barrier to deploying Al
in safety-critical systems. If an autonomous vehicle is unsure about a pedestrian’s
location, it should slow down, not drive ahead with false confidence. This thesis
argues that the solution lies in modelling epistemic uncertainty—the uncertainty
that comes from a lack of knowledge or data—using the mathematical framework
of Random Sets and Belief Functions.

In this work, I explore how to integrate epistemic uncertainty into both discrimi-
native and generative models. I start by building a foundation in unsupervised learn-
ing and clustering, proposing a method to handle the computational complexity of
random sets. I then apply this to create Random-Set Neural Networks (RS-NNs) for
classification. To measure success, I develop a unified evaluation framework. Fi-
nally, I expand these ideas into the frontier of Generative Al—creating Random-Set
LLMs, Epistemic GANSs, and Epistemic Diffusion models—and demonstrate their

real-world utility in autonomous driving.



1.1 Motivation

Current deep learning methods, primarily based on Bayesian probability or standard
softmax outputs, have limitations. Bayesian methods, while theoretically sound,
are often computationally expensive (e.g., requiring sampling) and require defining
prior distributions which can introduce bias. On the other hand, ensemble methods
are costly to train.

The core motivation of this thesis is to move beyond single-point probabilities.
When a model faces an input it has never seen before (Out-of-Distribution or OoD
data), or when the training data was scarce, the model should be able to say "I don’t
know” or output a set of possibilities rather than a single guess.

This is where Random Sets (or Belief Functions) come in. Unlike a probabil-
ity distribution that must sum to one across mutually exclusive outcomes, a belief
function assigns mass to sets of outcomes. This allows us to distinguish between
“‘conflicting evidence’’ (equal evidence for cat and dog) and *‘lack of evidence’” (I
haven’t seen this animal before).

However, applying random sets to deep learning is hard. The size of the power
set (all possible subsets of classes) grows exponentially. If we have 100 classes, we

theoretically have 2!%

possible subsets, which is impossible to compute. A signif-
icant part of my motivation was to solve this scalability problem so that epistemic
uncertainty can be used in large-scale models like LLLMs and Vision Transformers.

Furthermore, in Generative Al, we face issues like mode collapse in GANs
(where the model only generates a few types of images) and hallucinations in LLMs.
I am motivated to show that by modeling the uncertainty in the generation process

itself—using epistemic noise or random-set outputs—we can generate more diverse

images and more truthful text.



1.2 Research Questions

To address the challenges outlined above, this thesis tackles the following key re-

search questions:

1. How can we make epistemic uncertainty modelling computationally fea-
sible for deep learning? specifically, how can we efficiently select a "budget”

of focal sets to avoid the exponential explosion of the power set?

2. Can Random-Set Neural Networks (RS-NNs) outperform state-of-the-
art Bayesian and Ensemble methods? We investigate if RS-NNs can pro-
vide better accuracy and uncertainty quantification, particularly for Out-of-

Distribution (OoD) detection and robustness against adversarial attacks.

3. How should we evaluate models that output set-valued or imprecise pre-
dictions? Since standard metrics like accuracy or negative log-likelihood
don’t fully capture the quality of a belief function, we need a new, unified

evaluation framework.

4. How can epistemic uncertainty improve Generative AI? Can we reduce
hallucinations in Large Language Models (LLMs) and mitigate mode collapse
in Generative Adversarial Networks (GANs) by incorporating evidential the-

ory?

5. How can these methods be applied to real-world problems like Autonomous
Driving? Specifically, can we use these models to better understand agent in-

tent and automate the labeling of complex road scenarios?

1.3 Thesis Structure

The thesis is organised into eleven chapters, telling the story from foundational clus-

tering methods to advanced generative applications.
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Chapter 1: Introduction. This chapter, outlining the motivation and struc-

ture.

Chapter 2: Background. Reviews the mathematical foundations of Dempster-
Shafer Theory, Random Sets, existing uncertainty estimation methods (Bayesian

NN, Ensembles) and generative models.

Chapter 3: Related Work. Surveys the state-of-the-art in uncertainty quan-

tification, generative modelling, and their applications.

Chapter 4: Budgeting of Focal Sets. This chapter introduces a novel budget-
ing strategy. This strategy uses traditional clustering (GMMs) to intelligently

select a limited number of focal sets, solving the exponential complexity issue.

Chapter 5: Random-Set Neural Networks. This chapter introduces the RS-
NN. It is a wrapper approach that predicts belief functions over the budget
of sets defined in Chapter 4. We show it scales to large architectures (ViT,

EfficientNet) and beats baselines on CIFAR-10 and ImageNet.

Chapter 6: Evaluation Under Uncertainty. This proposes a unified evalu-
ation framework. It maps predictions from different models (Bayesian, Evi-
dential, Deterministic) into a common °‘‘credal set’’ representation. It define
anew metric that trades off accuracy (distance to ground truth) against impre-

cision (size of the set).

Chapter 7: Random-Set Large Language Models. Moving to Generative
Al this chapter describes RS-LLMs. By predicting belief functions over sets
of tokens, we aim to reduce hallucinations and provide a measure of uncer-

tainty for generated text.

Chapter 8: Epistemic Diffusion Models. This chapter proposes a ‘‘two-
level’” diffusion process that models second-order distributions over Gaussian

noise, aiming to improve the diversity and quality of generated images.
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* Chapter 9: Epistemic Generative Adversarial Networks. This chapter
presents Epistemic GANs. We modify the discriminator to output belief func-
tions (Real, Fake, or Uncertain) and the generator to predict mass functions.
This forces the generator to explore diverse modes to fool the epistemic dis-

criminator.

* Chapter 10: Application in Autonomous Driving. Finally, we apply these
techniques to the real world. We describe the creation of the ROAD-Intent
dataset and the development of Random-Set Vision Language Models (RS-

VLMs) for automated, uncertainty-aware labeling of road scenes.

* Chapter 11: Conclusion and Future Work. Summary of findings and future

directions.

1.4 Contributions

The main contributions of this thesis are as follows:

1. A Scalable Budgeting Method for Random Sets: We developed a method
using GMM clustering and t-SNE to select the most relevant subsets of classes.
This reduces the complexity from 2VXto a manageable number , making

random-set methods feasible for large-scale problems.

2. Random-Set Neural Networks (RS-NN): We proposed a novel architecture
that predicts belief functions. It achieves superior performance in uncertainty
estimation and OoD detection compared to Deep Ensembles and Bayesian

methods, while being robust to adversarial attacks.

3. Unified Evaluation Metric: We introduced a new metric that combines distance-
to-ground-truth (accuracy) with non-specificity (precision). This allows for a

fair comparison of diverse uncertainty-aware models.

4. Generative Models with Epistemic Uncertainty:
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* RS-LLMs: Extending random sets to language modelling to improve

truthfulness.

» Epistemic Diffusion Models: A novel diffusion model formulation lever-

aging second-level distributions to improve diversity.

* Epistemic GANs: A new GAN formulation where the discriminator
predicts belief values, significantly improving sample diversity (Vendi

score) and reducing mode collapse.

5. ROAD-Intent Dataset & RS-VLM: We put forward a unique autonomous
driving dataset with explicit intent labels. We also developed Random-Set
Vision Language Models to automatically annotate this data with uncertainty

scores, aiding in the training of robust Inverse Reinforcement Learning agents.

1.5 Dissemination
The research presented in this thesis has led to several publications and submissions:

* Manchingal, S., Mubashar, M., Wang, K., Shariatmadar, K., & Cuzzolin, F.
(2025). Random-Set Neural Networks. Accepted at ICLR 2025.

* Manchingal, S., Mubashar, M., Wang, K., & Cuzzolin, F. (2025). A Uni-
fied Evaluation Framework for Epistemic Predictions. Accepted at AISTATS
2025.

* Mubashar, M., Manchingal, S., & Cuzzolin, F.Random-Set Large Language
Models. Under review at ICML 2026.

e Mubashar, M., & Cuzzolin, F. Epistemic Generative Adversarial Networks.

Under review at ICML 2026.
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This body of work represents a step towards Al systems that are not just smart,
but also self-aware of their own limits, paving the way for safer and more trustworthy

technology.



Chapter 2

BACKGROUND

2.1 Introduction

Before introducing novel architectures for uncertainty quantification, it is essential
to establish a rigorous understanding of what ‘‘uncertainty’’ means in the context
of machine learning. Standard Deep Learning models typically rely on frequentist
or Bayesian probability theory to model outputs. However, as argued throughout
this thesis, classical probability distributions (specifically the categorical distribu-
tion produced by the Softmax operator) are often insufficient for distinguishing be-
tween different sources of uncertainty.

This chapter provides the necessary theoretical scaffolding. We begin by defin-
ing the types of uncertainty (Aleatoric vs. Epistemic). We then introduce the pri-
mary mathematical framework of this thesis: Dempster-Shafer Theory (DST), also
known as the Theory of Belief Functions, and its connection to Random Sets. Fi-
nally, we review the standard generative models (GANs, Diffusion Models and LLMs)

to set the baseline for the modifications proposed in later chapters.

2.2 Uncertainty in Machine Learning

In the context of predictive modelling, uncertainty is conventionally categorised into

two distinct types,.

2.2.1 Aleatoric Uncertainty

Aleatoric uncertainty refers to the inherent randomness or noise in the data genera-
tion process. It is a property of the data itself and cannot be reduced by collecting

more training data.
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* Example: In an image of a coin flip that is blurry due to motion, the outcome
is inherently ambiguous. No amount of training will allow the model to know

whether it is Heads or Tails with certainty.

* Modelling: This is typically modelled by the probability distribution P(y|x)

output by a standard network.

2.2.2 Epistemic Uncertainty

Epistemic uncertainty refers to uncertainty caused by a lack of knowledge on the
part of the model. It arises from limited data, model misspecification, or domain

shift. Crucially, epistemic uncertainty can be reduced by observing more data.

* Example: A model trained on images of dogs and cats is presented with an
image of a helicopter. The model is ignorant of this class. Ideally, it should
output a state of ”’I don’t know,” rather than forcing a probability assignment

to "Dog” or "Cat”.

* The Problem with Softmax: A standard neural network is forced to nor-
malize its output to sum to 1. In the helicopter example, it might output
P(Dog) = 0.5,P(Cat) = 0.5. This distribution is mathematically indistin-
guishable from the aleatoric ambiguity of a blurry dog/cat image. This con-

flation is the root cause of the “overconfidence” problem [40].

To resolve this, we require a calculus that can represent “ignorance” explicitly.

This brings us to the Theory of Belief Functions.

2.3 Dempster-Shafer Theory and Random Sets

The Dempster-Shafer Theory (DST) [42, 129] is a generalisation of Bayesian prob-
ability theory. While probability theory assigns mass to individual outcomes, DST
assigns mass to sets of outcomes. This flexibility allows for the explicit modelling

of ignorance.
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2.3.1 Random Sets

A Random Set is a random variable taking values in the power set of a space, rather
than the space itself [110, 105]. Consider a meteorological station recording a 2D
environmental vector, e = (T, H), where TKlenotes temperature and HKlenotes hu-
midity, each modelled by a data probability distribution. Under normal operation the
station reports exact values for both variables. Suppose, however, that the humidity
sensor malfunctions and fails to return a numerical reading.

Rather than imputing an arbitrary humidity value, we represent the unknown
component Hiy the set H of all plausible humidity levels (e.g., 0% < & < 100%).
The underlying random process generating environmental conditions remains intact,

but the observation becomes a set-valued random variable:

E=(T,H).K 2.1)

where H encapsulates the missing information. This model, in which random
outcomes may be sets rather than points, defines a random set. Random sets extend
classical probability by encoding uncertainty through collections of values instead
of precise realizations, making them ideal for modeling imprecise or incomplete

measurements [98, 110, 105].

2.3.2  Mass Functions (Basic Probability Assignment)

In the finite discrete case, a random set is characterized by a Mass Function (or
Basic Probability Assignment - BPA) m : 2© — [0, 1]. It must satisfy the following

axioms:

m(0) =0, Z m(A) = 1 2.2)

AC

The mass m(A) represents the portion of evidence that supports the proposition that

the truth lies exactly in set A, and not in any specific subset of A.
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* Bayesian Case: If all focal sets AKre singletons (cardinality |A| = 1), the

mass function collapses to a standard Probability Mass Function (PMF).

* Total Ignorance: If m(®) = 1, we represent total ignorance. We know the
truth is somewhere in the domain, but we have zero evidence favoring any

specific element.

2.3.3 Belief and Plausibility

From the mass function, we can derive two non-additive measures for any set A:
Belief (Bel) and Plausibility (PI).
Belief represents the total evidence that fully supports A. It is the sum of masses

of all subsets of A:

Bel(A) = Z m(B) 2.3)

BCA

Plausibility represents the total evidence that does not contradict A (i.e., is con-
sistent with A). It is the sum of masses of all sets that intersect with A:
PI(A) = Z m(B) = 1 — Bel(A°) (2.4)
BNA
The interval [Bel(A), PI(A)] represents the range of uncertainty for hypothesis
A. In a standard probability distribution, Bel(A) = PI(A) = P(A), collapsing the
uncertainty interval to zero. In epistemic Al, the width of this interval (Pl — Bel) is

a key metric for ignorance [146].

2.3.4  Mobius Inversion

Crucially for our neural network implementations, the mass function can be recov-

ered from the Belief function via the Mobius Inversion formula [129]:

BCA|

m(A) = Zé{—l)'A\mBel(B) (2.5)
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This relationship allows us to train networks to predict Belief values (which are
monotonic and easier to constrain) and mathematically derive the underlying masses

for uncertainty estimation.

2.3.5 Example

Consider a classification problem (Figure 2.1) where an object belongs to one of
three possible categories, ® = {cy,c2,c3}. A belief function might express uncer-

tainty by assigning mass as follows:
m({ci1}) =0.4,m({c3}) =0.2,m({c1,c2}) =0.4.K (2.6)

Here, 40% of the belief supports c1, 20% supports c3, and 40% supports the com-
posite hypothesis that the object belongs to either ¢ or ¢; but not c3, without being
able to specify which. The belief value Bel(A) of a set of classes AKccumulates

mass from all the subsets of A:

Bel({c1,c2}) =m({c1}) +m({ci,c2}) =0.4+0.4=0.8.K 2.7

This means we have an 80% belief that the object belongs to either c; or ¢, reflect-
ing epistemic uncertainty rather than simply assigning a probability to each class.
Belief functions generalise Bayesian probability by allowing explicit representation
of uncertainty, making them useful in applications where knowledge is incomplete

or ambiguous [130, 17].

. ble)=1
. A Probability
simplex

Bel({c4, c2}) = m({c4}) + m({c, c2}) p(cy) =1

\ " pley)=1
=04+0.4=0.8 Credal set

Figure 2.1: A belief function measures the total belief (sum of masses of its subsets)
for a set.
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2.4 From Beliefs to Decisions

While random sets capture rich uncertainty information, practical applications (like

classifying an image) often require a specific decision or a point-estimate probability.

2.4.1 Credal Sets

A belief function Bel defines a Credal Set $Pp.;, which is the convex set of all prob-

ability distributions P consistent with the belief evidence [84, 32]:
Poek={P €A 1| P(A) > Bel(A),YA C ©} (2.8)

Geometrically, this is a polytope inside the probability simplex. A large polytope

indicates high epistemic uncertainty; a single point indicates certainty.

2.4.2  Pignistic Transformation

To make a decision, we often project the random set onto a single probability dis-
tribution. The most common method is the Pignistic Transformation [131], denoted
as BetP. It distributes the mass of each focal set equally among its elements:

BetP(w) = ) % Vw e ® (2.9)

A3

Smets [131] originally proposed to use the pignistic probability for decision
making using belief functions, by applying expected utility to it. Notably, the pig-
nistic probability is geometrically the centre of mass of the credal set associated with
a belief function [32, 37, 38]. This BetPKs used in our RS-NN and RS-LLM ar-
chitectures to calculate the final classification accuracy (or next-token probability),

while the underlying mass structure is retained for uncertainty quantification.

2.5 Existing Approaches to Uncertainty in Deep Learning

There are already several ways to estimate uncertainty in neural networks. However,

they have some drawbacks which motivates the new methods we propose later.
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2.5.1 Bayesian Neural Networks (BNNs)

BNNs are arguably the most theoretically grounded approach [15]. Instead of hav-
ing fixed weights (parameters), the weights in a BNN are probability distributions.

During inference, we marginalise over the weights to get the prediction.

P(y|x,D) = 4P(y|x,w)P(w|D)dwK

The problem is that this integral is usually intractable (impossible to calculate
exactly). We have to use approximations like Variational Inference (VI), which can
be computationally expensive and hard to tune. Also, choosing the ‘‘prior’’ distri-

bution P(w) is difficult and can bias the results.

2.5.2 Deep Ensembles

This method is very popular because it is simple [82]. You train the same neural net-
work MKimes (e.g., 5 or 10 times) with different random initializations. To predict,
you average their outputs.

If all models agree, uncertainty is low. If they disagree, uncertainty is high.
While effective, training 10 deep networks is huge computational burden. It’s not
suitable for real-time applications like autonomous driving where we have limited

resources.

2.5.3 Evidential Deep Learning (EDL)

EDL is closer to what we do [126]. It places a Dirichlet distribution over the class
probabilities. It predicts the parameters afof the Dirichlet distribution. However,
standard EDL methods often struggle to distinguish between conflicting evidence
and lack of evidence effectively in high-dimensional spaces, and they don’t fully
utilize the power of Random Sets math, specifically the use of arbitrary focal sets

beyond just singletons and the whole set
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2.6 Standard Generative Models

In later chapters, we apply Epistemic principles to generative models. Here, we
briefly review the standard formulations.
2.6.1 Generative Adversarial Networks (GANs)

A GAN consists of a Generator GKind a Discriminator DKlaying a minimax game

[56]:
mGinmgI){(V(D,G) = Expuaa [10g D (x)] +E.~p_[log(1-D(G(2)))] (2.10)

Standard GANs are prone to Mode Collapse, where Groduces limited varieties of
samples. In Chapter 9, we will show how replacing the scalar discriminator output

with a belief function mitigates this.

2.6.2 Diffusion Models

Denoising Diffusion Probabilistic Models (DDPMs) [64] learn to reverse a gradual
noising process. The reverse process is modeled as a Markov chain with learned

Gaussian transitions:

Po(Xi—1x:) = N (X135 o (x4, 1), 2o (x4, 1)) (2.11)

Typically, Xgxs fixed. In Chapter 8, we will explore Epistemic Diffusion, where we
learn a distribution over these Gaussian parameters to capture the uncertainty of the

generation process itself.

2.6.3 Large Language Models

Large Language Models (LLMs) [1, 3, 139] represent a paradigm shift in Natural
Language Processing. At their core, these models are probabilistic systems trained to

model the conditional probability of the next token xgiven a sequence of preceding
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tokens x;:

P(x;|x<;) = Softmax( fy(x<)) (2.12)

where fygs a neural network (typically a Transformer) parameterized by 6. LL.Ms are
prone to hallucination. In Chapter 7, we will explore RS-LLMs, where we a predict a
beleif function over token space gaining the advantage of uncertainty quantification

hallucination detection.
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Chapter 3

RELATED WORK

This chapter reviews the landscape of research relevant to this thesis. We begin by
examining the broad field of uncertainty quantification in deep learning, focusing on
classification. We then transition to generative modelling, detailing the evolution of
Generative Adversarial Networks (GANs) and Diffusion Models, with a specific fo-
cus on the challenges of diversity and mode collapse. Finally, we survey the nascent
field of uncertainty in Large Language Models (LLMs), identifying the gaps that

our Random-Set approach aims to fill.

3.1 Uncertainty Quantification in Classification

The machine learning community has long recognised the challenge of estimating
uncertainty in model predictions. Awareness of uncertainty enables models to offer
more reliable and interpretable predictions, fostering trust and transparency. This
is crucial in safety-critical domains such as medical diagnosis [143], autonomous
vehicles [66], and finance [145], where inaccurate predictions may lead to adverse

consequences.

3.1.1 Probabilistic and Bayesian Approaches

Bayesian approaches, pioneered by [19] and others [93, 107], are dominant in un-
certainty estimation. In Bayesian Neural Networks (BNNs) [74, 76], uncertainty is
explicitly represented through posterior predictive distributions over the parameter
space.

However, exact Bayesian inference is often intractable. This has led to numerous

approximations:
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* Dropout Variational Inference: [51] proposed using dropout at test time (Monte

Carlo Dropout) as a Bayesian approximation.

* Variational Inference (VI): Methods like Bayes by Backprop [15] approximate

the posterior using a simpler distribution.

* Laplace Approximation: Recent works like the Laplace Bridge Bayesian Neu-
ral Network (LB-BNN) [65] use the Laplace Bridge to map between Gaussian

and Dirichlet distributions, addressing computational costs [41].

* Function-Space Inference: Approaches like Function-Space Variational Infer-
ence (FSVI) [123] perform inference directly on the function outputs rather

than weights.

Despite their advantages, Bayesian models face challenges when the model prior is
misspecified [140] and often require computationally expensive sampling at infer-

ence time.

3.1.2 Ensemble and Deterministic Methods

Ensemble-based approaches, such as Deep Ensembles (DE) [82], efficiently estimate
uncertainty by training multiple independent models and aggregating their predic-
tions. While robust, the computational cost of training and maintaining multiple
large models is often impractical. Epistemic Neural Networks (ENN) [113] attempt
to mitigate this by using a base network with multiple heads (epinet), but still incur
significant overhead.

Deep Deterministic Uncertainty (DDU) [106] and other deterministic methods
attempt to estimate uncertainty via a single forward pass, often by analyzing the
feature density, but they struggle to capture the full richness of epistemic uncertainty

compared to ensemble or Bayesian methods.
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3.1.3  Evidential and Imprecise Probability Models

Evidential Deep Learning (EDL) [127, 52] places a Dirichlet distribution over the
class probabilities, interpreting the network outputs as evidence counts. However,
some scholars [11, 68] argue that classical probability is not equipped to model
‘second-level’ uncertainty on the probabilities themselves. This has led to the for-

mulation of numerous uncertainty calculi [38], including:
* Possibility Theory [46].
* Probability Intervals [58].
* Credal Sets [84, 144]: Convex sets of probability distributions.
* Random Sets [110]: Assigning mass to subsets of outcomes.

In imprecise-probabilistic models [21, 146], predictions correspond to credal sets or
random sets [138, 95], allowing for a rigorous distinction between aleatoric (data)
and epistemic (model) uncertainty [75, 94].

Random-set Neural Networks (see Chapter 5) builds on this by predicting belief
functions over a budgeted set of classes, eliminating the need for inference-time

sampling or prior selection.

3.2 Generative Adversarial Networks (GANs)

Generative models have achieved remarkable progress, with GANSs standing out for
their sample quality [18, 117]. However, lack of output diversity and mode collapse

remain persistent challenges [120, 92].

3.2.1 Addressing Mode Collapse

Existing methods to encourage diversity in GANs can be categorized into three
groups:

1. Loss Function Modifications:
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* Wasserstein GAN (WGAN) [6]: Replaces Jensen-Shannon divergence with

Wasserstein distance to improve stability.

* Least Squares GAN (LSGAN) [96]: Uses least squares loss to smooth gradi-

ents.

» Relativistic GAN (RGAN) [73]: Considers relative realism between real and

generated samples.

2. Architectural Modifications:

¢ InfoGAN [23]: Maximizes mutual information between latent codes and out-

puts.

¢ Multi-Generator/Discriminator: MAD-GAN [53] and GMAN [47] use mul-

tiple components to cover different modes.

* PacGAN [87]: Feeds multiple samples to the discriminator to detect lack of

diversity.

* BigGAN [18]: Scales up training with large batches and orthogonal regular-

ization.

3. Training Strategies:

* Unrolled GAN [100]: Unrolls discriminator steps to stabilize training.

* UniGAN [115]: Introduces uniformity regularization within a normalizing

flow framework.

Despite these advances, most solutions lack a principled theoretical framework
for modeling the uncertainty inherent in the generative process. This work intro-

duces Epistemic GANs (see Chapter 9) to fill this gap using Dempster-Shafer theory.
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3.3 Diffusion Models

Diffusion Models [133, 64] represent the current state-of-the-art in visual genera-
tion. They incrementally add noise to data (forward process) and learn to reverse it

(denoising process).

3.3.1 Categories of Diffusion Models

1. Denoising Diffusion Probabilistic Models (DDPMs) [64]: The primary focus

of our work.

2. Noise-Conditioned Score Networks (NCSNs) [135]: Learn gradients of the

data density.

3. Stochastic Differential Equations (SDEs) [136]: Model diffusion via continuous-

time SDE:s.

3.3.2 Challenges: Inference Speed and Diversity

While Diffusion models solve GAN stability issues, they suffer from slow inference
[134]. Many methods address this, such as progressive distillation [125] and latent
diffusion [122].

However, a critical and less-discussed issue is Diversity. Quantitative metrics
like the Vendi Score reveal that diffusion samples are often less diverse than the
training data [49]. Furthermore, standard DDPMs often fix the variance schedule
or learn it within a rigid range [111], limiting the model’s “creativity.” The Epis-
temic Diffusion (see Chapter 8) approach addresses this by learning a second-order

distribution over the noise parameters.
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3.4 Uncertainty in Large Language Models (LLMs)

LLMs [139, 1] have revolutionized NLP but suffer from hallucinations [99]. Quan-

tifying uncertainty in LLMs is an active research area.

3.4.1 Current Approaches

* Entropy-based: Using Softmax entropy [118] or Semantic Entropy [81] over

multiple generations.
* Calibration: Measuring calibration errors to assess trustworthiness [55].
* Hidden States: probing internal representations [22].

* Bayesian/Ensemble: Applying Monte-Carlo Dropout [51], Bayes by Back-
prop, or Ensembles [8] to LLMs.

* Fine-tuning: Training models to verbally express their uncertainty [86].

Most of these methods are either post-hoc (prompting, sampling) or computa-
tionally heavy (ensembles). The Random-Set LLM (see Chapter 7) proposes a fun-
damental architectural change: predicting belief functions over token sets directly,
providing an intrinsic measure of epistemic uncertainty without requiring multiple

inference passes.
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Chapter 4

BUDGETING OF FOCAL SETS

4.1 Motivation and Background

In the previous chapters, we established that random set [37] over a frame of discern-
ment ® = {cy,c»,...,c,} are a great tool for modelling ignorance. However, we also
hit a wall: the computational complexity. If we have a classification problem with
classes, the number of possible subsets is 2 . For a small dataset like CIFAR-10,
that is 2'° = 1024 sets. Manageable. But for ImageNet ( = 1000), it is 2'°°°, which
is more than the number of atoms in the universe.
Existing solutions often limit focal sets arbitrarily by cardinality [44] or restrict
the method to small datasets [126]. To address this, we propose a strategic budgeting
method based on traditional clustering to identify and select only the most relevant

29

““focal sets,”’ reducing the output space from 2"%to a manageable size. The core
idea is to use clustering to discover which classes are naturally confused with each
other. If the data for "Dog” and “Cat” overlaps significantly in the feature space,
then the set {Dog,Cat} is a meaningful focal set. But the set {Dog, Airplane}
probably isn’t. By finding these natural groupings, we can build a ‘‘budget’” of sets

that covers the epistemic uncertainty without wasting resources.

4.2 The Problem of the Power Set

Let ={wi,...,wK} be our set of classes. A standard classifier maps an input x to
one of these classes. An epistemic classifier maps x to a mass function m over 2 .

The challenge is two-fold:

1. Memory: Storing a vector of size 2 is impossible for large



24
2. Training: Ideally, we want the model to learn which sets are important. But

if the output space is too huge, the model will never converge.

Existing methods like Evidential C-Means (ECM) [97] try to solve this by op-
timizing the centers of the focal sets. However, even ECM struggles when  gets
large. We need a heuristic, a pre-processing step that tells us: “Here are the 100 sets

you should care about. Ignore the rest.”

4.3 Budgeting Algorithm

Our strategy selects  relevant subsets (focal sets) out of the 2VXpossibilities to

serve as the output nodes of the neural network. This process relies on analyzing
the semantic and feature-space overlap between classes in the training data.

The methodology proceeds as follows:

1. Feature Extraction: Given a training set with NKlasses, we extract feature
vectors for each sample from the penultimate layer of a standard, pre-trained

CNN.

2. Dimensionality Reduction: To facilitate efficient clustering and visualiza-
tion, we reduce the dimensionality of these feature vectors to 3 dimensions.
While our experiments utilize the t-SNE (t-Distributed Stochastic Neighbor
Embedding) algorithm [142], the approach is agnostic and compatible with

other techniques such as autoencoders.

3. Clustering and Ellipsoid Fitting: We fit a Gaussian Mixture Model (GMM)
to the reduced feature vectors for each class. For every class ¢ € C, we obtain

a mean vector u.gand a covariance matrix X..

As visualized in Figure 4.1, we define an ellipsoid for each class that covers

95% of its data points [137]. The geometry of these ellipsoids is derived from the
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eigen-decomposition of the covariance matrix X.. The length of the principal axes

is calculated as:
lengtheig=2 N7.815 Aix “4.1)

where ;s the i"®igenvalue and the scalar 7.815 corresponds to the 95% confidence

interval for a chi-square distribution with 3 degrees of freedom.

uuuuu

Figure 4.1: 2D visualization of the clusters of 10 classes of data-
points belonging to the CIFAR10 dataset, together with the ellipses
formed by RS-CNN using Gaussian Mixture Models.

4. Overlap Calculation: The core of the budgeting strategy involves computing
the geometric overlap between these class ellipsoids in the 3D space. We
calculate the Intersection over Union (IoU) for subsets AKn the power set
P(C):

Nieadi o P(C).K (4.2)

overlap(A) = e
1€ 1

To maintain computational feasibility, we begin calculating overlaps for sub-
sets of cardinality 2 and increment upwards. We employ early stopping when

increasing cardinality no longer yields sets with significant overlap.
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5. Selection: We select the top- subsets (AK) with the highest overlapping ra-
tios. These non-singleton focal sets, combined with the original N singleton

sets, constitute the final output budget O.

Algorithm 1 provides a step-by-step illustration for our proposed budgeting strat-

cgy.

Algorithm 1 Budgeting Algorithm

1:

»—
e

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

YR AR

Input: O — Training data with NKlasses, C — The set of classes, — Number
of non-singleton focal sets
Output: O — Set containing N + focal sets
Initialization
Extract feature vectors using a trained CNN
Apply t-SNE for dimensionality reduction to 3 dimensions
for each class ¢ do
Fit GMM to the reduced feature vectors for that class to obtain u.gand X g
Define an ellipsoid covering 95% data using u.xand X g
end for
most_overlapping_sets « Initialize an empty list for non-singleton focal sets
Ay,...,AK
Set current_cardinality < 2
while current_cardinality < NKo
Compute overlaps for subsets of cardinality current_cardinalityK
overlap(A) = Si—f";
Select top-  subsets with highest overlap
Update most_overlapping_sets
if no change in most_overlapping_sets then
break
end if
current_cardinality < current_cardinality + 1
end while
Combine selected non-singleton focal sets with NKingleton sets
O — CU{A4,...,AK}
return O

4.4 Case Study: CIFAR-10

To demonstrate the efficacy of this approach, we applied the algorithm to the CIFAR-

10 dataset [79]. Computing predictions for all 1024 theoretical subsets is inefficient.

Instead, we selected a budget of = 20 non-singleton focal sets.
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The algorithm successfully identified semantically and visually similar group-

ings, such as:
* {cat, dog}
* {horse, deer}
* {bird, airplane}
e {automobile, truck}
* {cat, horse, dog}

These 20 focal sets, added to the 10 singletons, formed the output layer for the
RS-CNN. While stochastic elements in t-SNE may cause slight variations across
runs, robust pairs like {bird, airplane} appear consistently. This budgeting pre-

processing is critical for scaling RS-NNs [95] to larger datasets, such as ImageNet..

4.5 Ablation Study on Budget Size ( )

The number of non-singleton focal sets, , is a crucial hyperparameter. A value
of =0 reduces the model to classical classification, while excessive  increases
computational complexity without necessarily adding informational value.

We conducted an ablation study on the CIFAR-10 dataset using Random-set
Neural Networks (described in Chapter 5) to determine the optimal budget size. As
shown in Figure 4.2, performance does not scale linearly with . We found that a
small value of (comparable to the number of classes, N) yields the best perfor-
mance, surpassing the baseline of = 0. This indicates that incorporating a care-
fully selected budget of sets improves model performance—measured via accuracy
derived from Smets’ Pignistic Transform [132]—while simultaneously enabling un-

certainty quantification.
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Figure 4.2: Ablation study on number of non-singleton focal sets
on Cifar-10 dataset. The maximum value of K can be 1013 for
10 classes (after excluding the singletons and empty set).

4.6 Conclusion

This chapter addressed the critical bottleneck hindering the application of random-
set theory to deep learning: the exponential explosion of the power set. By reframing
the selection of focal sets as a Budgeting problem, we moved from an intractable
output space of size 2 to a manageable subspace of size + N +1.

Our proposed methodology leverages unsupervised clustering (GMMs on t-SNE
embeddings) to identify the “natural confusion” between classes. Rather than ar-
bitrarily selecting sets, we geometrically derive the subsets of classes that overlap
significantly in the feature space. As demonstrated in our CIFAR-10 case study, this
process successfully recovers semantically meaningful groupings (e.g., {bird,airplane}
or {cat,dog}) without any explicit semantic supervision.

Crucially, our ablation studies reveal that “more is not always better.” A mas-
sive budget does not necessarily improve performance; instead, a carefully selected,

small budget (comparable to the number of singleton classes) is sufficient to capture
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the necessary epistemic uncertainty. This insight is pivotal: it implies that we can
equip standard neural networks with rigorous uncertainty quantification capabilities
with negligible computational overhead.

This budgeting framework serves as the foundational pre-processing step for all
the random-set architectures proposed in this thesis. Whether applied to classifica-
tion (Chapter 5), language modelling (Chapter 7), or autonomous driving (Chapter
10), the ability to intelligently select which sets to believe in is what makes the the-
ory practical. By solving the ”Problem of the Power Set,” we have cleared the path

for scalable, uncertainty-aware deep learning.
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Chapter 5

RANDOM-SET NEURAL NETWORKS

In the previous chapter, we solved the ‘‘explosion’’ problem. We used unsupervised
clustering to find a manageable budget of focal sets that represent the most confusing
classes in our dataset (like {Dog, Cat} or {Car, Truck}). This chapter presents an

application of these budgeted focal set in Random-set Neural Networks.

5.1 Introduction

Machine learning is being used more and more in safety-critical fields like au-
tonomous driving, healthcare, and finance. In these areas, making a wrong pre-
diction can have serious consequences. Because of this, it is not enough for a model
to just be accurate; it also needs to know when it might be wrong. Ideally, an Al
system should be able to say I don’t know” when it sees data that is very different
from what it was trained on [57, 114, 102].

The problem is that most current deep learning models are “overconfident.” They
tend to give high probability scores even when they are making a mistake or looking
at something they have never seen before [116]. This happens mainly because stan-
dard neural networks force their outputs to sum up to 1 (using the Softmax function).
This makes it hard for the model to distinguish between noise in the data” (aleatoric
uncertainty) and “’lack of knowledge” (epistemic uncertainty) [75, 68, 94].

In this chapter, we propose a new solution: the Random-Set Neural Network
(RS-NN). Instead of predicting a simple vector of probabilities, this model predicts
belief functions based on the mathematics of random sets [105, 104]. This allows
the network to assign probability mass to sets of classes (like "Class A or Class
B”) rather than just single classes. This is a much more natural way to represent

ignorance.



31

Unlike Bayesian Neural Networks (BNNs), which can be computationally heavy
and rely on choosing the right “priors” [48], or Deep Ensembles, which require
training multiple models [82], the RS-NN is a single network that is efficient to

train and run.

Bayesian Neural Network (BNN)

Bavesian Predictive
N%, odel ® Entropy, H(1)
Averaging , 9
! Variance, o
Second-order  Probability simplex with Bayesian mean
distribution (Bayesian predictive posteriors prediction 4
inference) T

Uncertainty measures

Pignistic Pionisti
N ——>{Probability , Pignistic
A Function Entropy, H(BetP)
AK M(AK) e
Random-set space ~ Probability simplex Pignistic prediction redal set widt
representation with credal set induced BetP :

by belief functions

Random-Set Neural Network (RS-NN)

Figure 5.1: Inference in a Bayesian Neural Network (top) compared to a Random-
Set Neural Network (bottom). While BNNs sample from a distribution of weights
to get predictions, RS-NN maps the input directly to a belief function over a budget
of focal sets.

Epsilon: 0.05 101 Jpel: '3
Predictions:
RS-NN

{'6'} : 32.59%
CNN
'4':99.01%

Epsilon: 0.01

True Label: '3'
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RS-NN

{'3,6'} : 48.25%
CNN
'4':96.74%

Figure 5.2: Confidence scores of RS-NN and CNN for FGSM adversarial attack on
MNIST. The RS-NN correctly drops its confidence when attacked, while the CNN
stays overconfident.

As shown in Figure 5.1, our approach works by predicting a belief function that
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corresponds to a convex set of probability distributions, known as a credal set. The
size of this set tells us how uncertain the model is [5]. We also show that RS-NN is
much more robust to attacks. For example, in Figure 5.2, when we attack the model
with adversarial noise (FGSM), the confidence of the standard CNN stays very high
(over 90%), while the RS-NN’s confidence drops significantly, effectively warning

us that something is wrong [56].

5.2 The Random-Set Neural Network

5.2.1 Architecture and Budgeting

The RS-NN is designed to be flexible. It acts as a “wrapper” that can be put on
top of any standard deep learning model (like ResNet or EfficientNet). Instead of
outputting scores for just the classes, it outputs scores for a "budget” of sets.

The main challenge with random sets is the sheer number of possible subsets. If
we have NKlasses, there are 2Vpossible subsets. For a large dataset like ImageNet,
this is impossible to compute. To solve this, we use the Budgeting method proposed
in Chapter 4. We select a fixed number of “focal sets” that are most relevant. We

do this by:
1. Taking a pre-trained model and extracting features from the data.
2. Reducing the dimensions of these features using t-SNE or UMAP.
3. Clustering the data using a Gaussian Mixture Model (GMM).

4. Finding which classes overlap in these clusters. If "Dog” and ”Cat” often

appear in the same cluster, we add the set {Dog,Cat} to our budget.

This process is shown in Figure 5.3. By doing this, we reduce the problem to a
manageable size. For example, for ImageNet, we used a budget of 3000 sets, which

takes about 60 minutes to calculate once.
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Figure 5.3: RS-NN model architecture. (a) Budgeting: We select the top  relevant
sets of classes using clustering. (b) Training: The network predicts belief functions.
The grey layers are the ones we train, while the blue layers can be any pre-trained
backbone.

5.2.2 Loss Function

Training the RS-NN is a bit different from standard networks. Since our output is a
belief function, we treat the ground truth as a belief vector. If the true class is "Dog”,
then the belief in the set {Dog} is 1, and the belief in {Dog, Cat} is also 1 (because
a Dog is indeed a "Dog or Cat”).

A random-set prediction problem is mathematically similar to the multi-label
classification problem, for in both cases the corresponds to a vector of Os and 1s and
the prediction is vector in [0, 1]. They do have different semantics, as in the case
of random sets, they indicate if the set contains true class or not; whereas in multi-
label classification, it is the probability of input belonging to a particular class. Still,

despite the different semantics, we use a Binary Cross-Entropy (BCE) loss:

b
1 size 1 R R
Lycrre—;— i§:1 ﬁ;) [fezi(Anog(Bez,-(A)) +(1-Bel;(A))log(1-Bel;(A))| K
(5.1

We also need to make sure the output is a valid mass function (non-negative and

sums to 1). So, we add two regularization terms, M,gand Mj:

M= " max(0, =i (A)).K Mye Z(ﬁ(A)—l K (5.2)
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The final loss is Lrsi= Lpcexr M, g+ BM, where we typically set @ and S to small

values like 1e — 3.

5.2.3 Measuring Uncertainty

The RS-NN gives us two good ways to measure uncertainty:

1. Entropy: We can calculate the Shannon entropy of the pignistic probability

prediction.

2. Credal Set Width: We can measure the size of the credal set. We approx-
imate this by looking at the difference between the maximum and minimum

possible probability for the predicted class:

Width(c) = P(c) — P(c) (5.3)

5.3 Experiments

5.3.1 Experimental Setup and Implementation

Datasets and Protocols. To ensure a comprehensive evaluation of the Random-
Set Neural Network (RS-NN), we conducted experiments across a diverse array of
multi-class image classification benchmarks, ranging from grayscale digits to high-
resolution object recognition. Specifically, we utilized MNIST [83], CIFAR-10 [78],
Intel Image [10], CIFAR-100 [77], and the large-scale ImageNet dataset [43].

A critical component of our evaluation framework involves Out-of-Distribution
(OoD) detection, a proxy for measuring epistemic uncertainty. We established sev-
eral In-Distribution (iD) versus OoD pairs to test the models’ ability to flag unseen

semantics:
* CIFAR-10 (iD) vs. SVHN [108] and Intel-Image [10] (OoD).

e MNIST (iD) vs. Fashion-MNIST [151] and K-MNIST [27] (OoD).
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* ImageNet (iD) vs. ImageNet-O [61] (OoD).

Data partitioning adhered to standard protocols: 40,000/10,000/10,000 samples for
training/testing/validation respectively for CIFAR datasets; 50,000/10,000/10,000
for MNIST; 13,934/3,000/100 for Intel Image; and 1,172,498/50,000/108,669 for
ImageNet. For OoD evaluation, we utilized 10,000 testing samples, with the excep-
tion of Intel Image (3,000) and ImageNet-O (2,000). All input images were resized
to a standardized resolution of 224 x 224 pixels to ensure architecture consistency.
Baselines and Architectures. We benchmarked the RS-NN against a suite
of state-of-the-art uncertainty quantification methods, ensuring coverage of both

Bayesian and Frequentist paradigms:

1. Bayesian Methods: Laplace Bridge Bayesian Neural Networks (LB-BNN)
[65] and Function-Space Variational Inference (FSVI) [123].

2. Ensemble Methods: Deep Ensembles (DE) [82] (comprising 5 models) and

Epistemic Neural Networks (ENN) [113] (comprising 3 models).

3. Standard Deterministic: A standard CNN trained with Cross-Entropy loss,

serving as a baseline for accuracy and overconfidence comparisons.

These baselines represent the current gold standard in the field, aligning with recent
literature [26, 41, 150].

Training Configuration. To guarantee a fair comparison, all models (including
RS-NN) utilized a ResNet50 backbone executed on NVIDIA A100 80GB GPUs.
We employed a consistent training regimen: 200 epochs from scratch (using pre-
trained weights only for ImageNet efficiency), a batch size of 128, and a learning rate
scheduler initialized at 103 with decays at epochs 80, 120, 160, and 180. Standard
data augmentation techniques [80], including random shifts and horizontal flips,

were applied uniformly.
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For the RS-NN specifically, the ResNet50 architecture was adapted to accommo-
date the random-set output. The final classification layer was replaced with a dense
layer of size |O| (the budget size), utilizing a sigmoid activation. This design choice
reflects the multi-label nature of belief encoding (see Section 5.2.2). In contrast, all
baseline models employed a standard softmax output.

Budgeting and Optimization. The RS-NN training process begins with the
budgeting phase. Feature vectors were extracted using a pre-trained ResNet50. We
employed 50 CPU cores for t-SNE dimensionality reduction and 150 CPU cores for
computing class overlaps via GMM clustering. We set the budget of focal sets
to 20 for MNIST/CIFAR-10/Intel Image, 200 for CIFAR-100, and 3000 for Ima-
geNet. The model was trained using the proposed loss function LzsgEq. 5.1) with

regularization hyperparameters set to @ = 8 = 107>,

5.3.2 Standard Predictive Performance

We first establish the baseline performance of the RS-NN in terms of generalization
accuracy and computational efficiency. As detailed in Table 5.1, the RS-NN demon-
strates competitive or superior test accuracy compared to computationally expensive
ensembles (DE) and complex Bayesian methods (FSVI, LB-BNN). Crucially, the
inference time of the RS-NN (1.91 + 0.02 ms) matches that of a standard CNN,
whereas Deep Ensembles require significantly higher latency (13163.50 +3.37 ms),

highlighting the efficiency of our single-forward-pass approach.

Table 5.1: Test accuracies (%) and inference time (ms) for uncertainty estimation
over 5 consecutive runs across methods and datasets. Average and standard deviation
are shown for each experiment.

Datasets MNIST CIFAR-10 Intel Image  CIFAR-100  ImageNet (Top-1) ImageNet (Top-5) ‘ Inference time (ms)
RS-NN (ours) 99.71+0.03 93.53+0.09 9422+0.03 71.61+0.07 79.92 94.47 1.91+0.02
LB-BNN [65] 99.58+0.04 89.95+0.81 90.49+0.42 59.80+1.96 72.48 90.85 7.11+0.89

FSVI [123] 99.18+0.03 80.29+0.05 88.92+0.13 53.34+0.09 62.56 84.69 340.25+0.76

DE [82] 99.25+0.01 92.73+0.04 91.98+0.11 70.53+0.07 78.77 94.37 13163.50 +3.37
ENN [113] 99.07+0.11 91.55+0.60 91.49+0.19 68.02+0.26 71.82 89.48 3.10+0.03

CNN 99.12+0.04 92.08+0.42 90.89+0.10 65.50+0.08 78.56 94.34 1.91+0.03
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5.4 Out-of-Distribution (OoD) Detection

We evaluated OoD detection capabilities using AUROC, AUPRC, and Expected Cal-
ibration Error (ECE). Table 5.2 demonstrates that RS-NN consistently outperforms
baselines, particularly on the challenging ImageNet vs. ImageNet-O benchmark
(AUROC 60.38 vs. 55.37 for DE), indicating a superior ability to distinguish be-

tween known and unknown data distributions.

Table 5.2: OoD detection performance and uncertainty estimation for models trained
on ResNet50 on CIFAR-10 vs SVHN/Intel Image, MNIST vs F-MNIST/K-MNIST
and ImageNet vs ImageNet-O. Evaluation metrics include AUROC/AUPRC (OoD);
Entropy of predictions (uncertainty) and Expected Calibration Error (ECE).

In-distribution (iD) Out-of-distribution (OoD)
Dataset Model Tes(;ccurucy Uncertainty measurc Inl::dlstnbuilon ECE () SVHN ‘ Intel Image
(%) (1) ntropy (1) AUROC () AUPRC (1) Entropy (1) | AUROC (1) AUPRC (1) Entropy (1)
RS-NN 9353 Pignistic entropy 0.088+0.308 0.0484 94.91 93.72 1.132+0.855 97.39 90.27 1.517+0.740
LB-BNN 89.95 Predictive Entropy ~ 0.191+0.412  0.0585 88.14 81.96 0.828+£0.243 82.21 55.17 0.763 +0.722
FSVI 80.29 Predictive Entropy ~ 0.118+0.563  0.0521 80.59 80.84 0.413+0.461 74.27 72.51 0.289+0.670
CIFAR-10 DE 92.73 Mean Entropy 0.154+0.367  0.0482 93.84 91.88 0.939+0.554 94.25 79.36 1.166 +0.552
ENN 91.55 Mean Entropy 0.126+0.323  0.0556 92.76 89.05 0.887+0.514 85.67 58.09 0.600+0.578
CNN 92.08 Softmax Entropy 0.114£0.304  0.0669 93.11 91.0 0.930+0.610 87.75 65.54 0.719+0.673
F-MNIST K-MNIST
RS-NN 99.71 Pignistic entropy 0.010£0.111  0.0029 93.89 93.98 0.530+0.770 96.75 96.58 0.740+0.917
LB-BNN 99.58 Predictive Entropy ~ 0.001+0.085  0.0032 89.65 90.36 0.287 £0.442 95.61 95.65 0.540+0.621
FSVI 99.18 Predictive Entropy ~ 0.006+0.265  0.0047 92.79 91.17 0.264+£0.289 91.65 95.75 0.313+0.381
MNIST DE 99.25 Mean Entropy 0.031+£0.155  0.0031 92.30 92.05 0.584 +0.587 95.81 94.71 0.564+0.715
ENN 99.07 Mean Entropy 0.022+0.127  0.0039 81.79 82.92 0.313+0.464 95.94 95.45 0.503+0.672
CNN 98.90 Softmax Entropy 0.023+£0.135  0.0052 83.77 84.14 0.278 £0.426 94.46 93.94 0.616+0.688
ImageNet-O
AUROC AUPRC Entropy

RS-NN 79.92 Pignistic entropy 2.972+2.108  0.1416 60.38 55.16 3.659+3.771

LB-BNN 72.48 Predictive Entropy ~ 2.471+2.972  0.5812 41.08 30.99 1.383+0.028

ImageNet FSVI 62.56 Predictive Entropy ~ 1.328+1.966  0.3890 50.55 49.88 1.637+1.328

DE 78.77 Mean Entropy 1.532+1.325  0.1940 55.37 53.20 1.775+1.343

ENN 71.82 Mean Entropy 1.395+1.510  0.5961 54.67 43.73 1.617 +1.597

CNN 78.56 Softmax Entropy 6.386+1.388  0.4004 54.28 48.73 6.575+1.512

Figure 5.4 illustrates the distribution of credal set widths (Eq. 7.6) across the
CIFAR-10 test set. The density plot reveals a clear distinction based on classifica-
tion accuracy: incorrect predictions (shown in red) are associated with larger credal
widths and greater variance, signalling high epistemic uncertainty. In contrast, cor-
rect predictions (shown in blue) are tightly clustered around smaller values, reflect-
ing the model’s higher confidence.

Furthermore, Table 5.3 compares these credal intervals across In-Distribution
(iD) and Out-of-Distribution (OoD) datasets. As expected, the model assigns sig-
nificantly larger intervals to OoD samples, effectively flagging them as uncertain.

An exception to this trend is observed in the comparison between ImageNet and
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ImageNet-O, where the distinction is less pronounced due to the specific character-
istics of the adversarial dataset. It is important to note that the credal set width is a
distinct measure of epistemic ambiguity and is not semantically equivalent to met-

rics such as entropy, variance, or mutual information used in standard probabilistic

models.

Density of Credal Set Width for Correct and Incorrect Classifications
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Figure 5.4: Width of credal predictions for CIFAR-10 test data (correctly classified,
blue; incorrectly classified, red).

Table 5.3: Credal set width for RS-NN on iD vs OoD datasets: CIFAR10 vs
SVHN/Intel Image, MNIST vs F-MNIST/K-MNIST and ImageNet vs ImageNet-O.

In-distribution (iD) | Out-of-distribution (OoD)
CIFAR10 0.007+0.044 \ SVHN  0.260+0.322  Intel Image 0.587+0.367
MNIST 0.001+0.013 \ F-MNIST 0.070+0.167  K-MNIST  0.103+0.200
ImageNet 0.238 +0.266 ‘ ImageNet-O 0.272+0.275
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5.4.1 Robustness to Distributional Shifts

Beyond standard benchmarks, a robust uncertainty estimator must maintain relia-
bility under significant distributional shifts. We extended our evaluation to include
synthetic perturbations, specifically investigating performance on Noisy and Rotated
MNIST datasets.

We partitioned the MNIST dataset and subjected the test set to varying degrees
of corruption. For the noisy condition, we introduced 50% random noise. For the ro-
tation condition, images were subjected to random rotations within specific angular
intervals (e.g., —60° to 0°).

Quantitative Analysis. Table 5.4 presents the accuracy of RS-NN versus a
standard CNN under rotation shifts. The RS-NN consistently outperforms the stan-
dard CNN across all rotation angles. Notably, in the fully random rotation setting
(0°/360°), the RS-NN achieves an accuracy of 47.71%, compared to 45.86% for the

standard CNN, demonstrating superior resilience to geometric transformations.

Table 5.4: Test accuracies (%) for RS-NN and standard CNN on Rotated MNIST
out-of-distribution (OOD) samples. Rotation angle is randomized within the speci-
fied intervals.

Rotation (angle) -180/-120 -120/-60 -60/0 0/60 60/120  120/180 0/360

Standard CNN  36.41% 21.86% 74.41% 80.80% 23.89% 37.53% 45.86%
RS-CNN 37.84% 23.54% 78.44% 81.46% 26.31% 38.48% 47.71%

Qualitative Analysis: Mitigating Overconfidence. A key failure mode of stan-
dard deep learning models is high-confidence misclassification on OoD data. Table
5.6 provides a granular look at specific predictions on noisy and rotated samples.

The results illuminate the limitations of standard CNNs in ambiguous scenarios.
For example, considering the noisy sample with True Label ‘3¢, the standard CNN
confidently but incorrectly predicts class ‘8 with a probability of 0.969. In sharp
contrast, the RS-NN assigns significant mass to the singleton {‘3‘} and composite

sets containing ‘3° (e.g., {3, ‘5°}), resulting in a corrected pignistic probability
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where the true class ‘3 is the most likely outcome (0.427), albeit with appropri-
ately lowered confidence reflecting the ambiguity. Similarly, for the rotated label
‘9°, where the standard CNN fails with 0.988 confidence in class ‘5¢, the RS-NN

correctly identifies ‘9° as the most likely class.

5.4.2 Hyperparameter Sensitivity Analysis

The training stability and convergence of the RS-NN are influenced by the regular-
ization hyperparameters @ and £ in the loss function LgsKEq. 5.1), which enforce
the non-negativity and sum-to-one axioms of mass functions.

We conducted a sensitivity analysis on the CIFAR-10 dataset by varying « and SK
across the set {0.5,0.6,0.9,1.0,1.5,2.0,2.5,3.0,4.0,5.0}. Figure 5.5 illustrates the

impact of these parameters on test accuracy.
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Figure 5.5: Ablation study of hyperparameters @ and 8 on CIFAR-10 test accuracy.
The model exhibits optimal performance when aKind SKre minimized, suggesting
that while regularization is necessary for validity, excessive constraints can hamper
optimization.

Our results indicate that test accuracy is maximized when aknd SKre small,
striking a balance between enforcing theoretical constraints and allowing gradient

flow for the primary classification objective.
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5.4.3  Scalability to Large-Scale Architectures

Finally, to validate the architectural agnosticism of our approach, we applied the
RS-NN wrapper to a variety of modern deep learning backbones. Table 5.5 demon-
strates that the RS-NN maintains or improves upon the accuracy of standard deter-
ministic models across WideResNet-28-10, VGG16, InceptionV3, EfficientNetB2,
and Vision Transformers (ViT-Base-16). This confirms that the benefits of random-
set uncertainty modeling are not confined to specific architectures but are generally
transferable.

Table 5.5: Adaptability to large-scale model architectures with test accuracy (%)
and parameters (in million) reported on CIFARI10.

Model  Pre-trained RS0 WRN-28-10 VGGI16 IncepV3 ENetB2 ViT-Base

Testace, (G RSNN 94.42 9358 8787 7824 9210 8675
stace. (o) oNN 9438 92.79 84.14 7689  90.02 8721
params vy RSNN 2.69 37.0 1512 3122 772 953
arams CNN  2.62 36.7 1511 3121 771 952

5.5 Conclusion

In this chapter, we introduced the Random-Set Neural Network (RS-NN), a novel
architecture that generalizes standard classification by predicting belief functions
instead of probability distributions. By leveraging the budgeting strategy developed
in Chapter 4, we successfully scaled the random-set framework to high-dimensional
datasets like ImageNet, overcoming the computational intractability that has histor-
ically hindered this approach.

Our extensive experiments demonstrate that RS-NNs achieve a superior trade-off
between predictive performance and uncertainty quantification compared to existing

methods. Specifically:

1. Accuracy and Efficiency: RS-NNs match or exceed the accuracy of Deep En-
sembles and Bayesian Neural Networks while maintaining the inference speed

of a standard deterministic CNN (1.91 ms vs. 13163 ms for Ensembles).
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2. Robustness: The model exhibits remarkable resilience to adversarial attacks
(FGSM) and distributional shifts (rotation, noise), correctly lowering its con-

fidence in ambiguous scenarios where standard models remain overconfident.

3. Uncertainty Quantification: Through metrics like credal set width and pignis-
tic entropy, RS-NNs provide a reliable signal for detecting Out-of-Distribution
samples, significantly outperforming baselines on challenging benchmarks

like ImageNet-O.

These results position the RS-NN as a robust and efficient solution for safety-
critical applications, where the ability to ‘‘know when you don’t know’’ is just as

important as being right.
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Table 5.6: Comparison of predictions on Out-of-Distribution (OoD) noisy and ro-
tated MNIST samples. Standard CNNs frequently predict incorrect classes with
high confidence, whereas the RS-NN distributes belief mass to correctly encompass
the true label or exhibit lower pignistic confidence.

Standard CNN Predictions Belief RS-CNN Predictions

True Label =
Belief values Mass values
{’2’} 0.98514729 {’2’} 0.9821171
{’2,70,’1’} 0.9816562 {’0°,’8"} 0.0090966
{’2,’1"} 0.9806699 {’7,°0,°1’}  0.0029499
Class 0 0.6287534 rep 20 RN
Class 2 02320247 {’2’,°4’} 0.97984832 {’7°,°8"} 0.00214586
Class 3 0.1172896
Pignistic Probability
Class 8 0.0158272 2 0.9821171

8 0.007800460
0 0.100259813
3 0.00477754

True Label =3
Belief values Mass values
(’3,°5%} 077293962 {3’} 0.3612153
6,3’} 0.63796818  {°7°,°8’} 0.1341305
(°6°,°3",°5’}  0.6200498 70,78’} 0.1040580
Class 8 0.96970748 °3") 054052752 {'8") 0.08483259

Class 5 0.01849810
Class 9 0.00648078

Class 2 0.00339692 Pignistic Probability

3 0.42731909
8 0.20502196
5 0.11517434

7 0.0801848
True Label =
Belief values Mass values
{’2,°1’}  0.99997830 {’1’} 0.55619530
{’1°,°9’} 0.95868313 {’2’} 0.423250733
‘ {’1’} 0.924648463 {’1°,°9’} 0.02047233
Class2 1.0 140 g [Py
- Class 1 3.3913153¢-08 {’1°,°5’} 0.82559686 {’6’} 4.316419¢-05
L Class 6 1.0346271e-10
Pignistic Probability
Class 3 4.9296049¢-11 1 0.56643147

2 0.423250733
9 0.010245241
6  4.3164194e-05

True Label =9

Belief values Mass values
{’7,°5°,°9’} 0.83161890 {’7,°’9’} 0.17115316
{’7,°9’} 0.70636504 {’3"} 0.1345874
{’5°,°9’} 0.57625019 {’9’} 0.13252735

{7

Class 5 0.9889484 °3,°9") 0.5581744 77,78} 0.1028051

Class 2 0.01012067
Class 3 0.00046459
Class 7 0.0002942

Pignistic Probability
9 0.69936884

7 0.02370170

5 0.004222436

3 0.001317382
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Chapter 6

EVALUATION UNDER UNCERTAINTY

6.1 Introduction

In the preceding chapters, we introduced the Random-Set Neural Network (RS-NN)
and demonstrated its capacity to model epistemic uncertainty via belief functions.
However, a fundamental challenge in the field of uncertainty quantification is the
lack of a standardized, objective framework for evaluating set-valued or epistemic
predictions.

Standard evaluation metrics in machine learning, such as Accuracy, Negative
Log-Likelihood (NLL), or Brier Score, are predicated on point-estimate probabili-
ties. They penalize any deviation from a precise ground truth (typically a one-hot
vector). This creates a “’precision trap” for epistemic classifiers: a model that cor-
rectly identifies ambiguity (e.g., predicting the set {Dog, Cat} for a blurred image)
is penalized for being imprecise, while an overconfident model that guesses wrong
is penalized for error, but often less severely than it should be.

To address this, we propose a Unified Evaluation Framework. This framework
introduces a novel metric, &, which explicitly mathematically formalizes the trade-
off between predictive accuracy (distance to ground truth) and epistemic uncertainty
(non-specificity or credal set size). This allows us to evaluate models not just on their

correctness, but on the quality of their uncertainty representation.

6.2 Classes of Epistemic Predictions

To evaluate different uncertainty models fairly, we must first understand the geo-
metric nature of their predictions. The predictions of a classifier can be visualized

within a simplex P—the convex hull of one-hot probability vectors, where each
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vertex represents certainty in a specific class.

6.2.1 Point-Estimate Models

Standard Neural Networks (SNNs) predict a single probability vector p;(y | x,D)
using the softmax function. Geometrically, this is a single point within the simplex.
While accurate for in-distribution data, SNNs are often overconfident, collapsing to
a vertex even for unknown data.

Deep Deterministic Uncertainty (DDU) models [106] also output softmax prob-
abilities p 44,. However, they estimate uncertainty in the feature space by computing
feature density, distinguishing in-distribution (iD) from out-of-distribution (OoD)

samples without altering the prediction space geometry significantly.

6.2.2 Probabilistic and Ensemble Models

Bayesian Neural Networks (BNNs) [65] compute a predictive distribution by in-
tegrating over a posterior of model parameters. In practice, this integration is ap-
proximated via Bayesian Model Averaging (BMA), which averages predictions from
multiple parameter samples. While BMA yields a single point prediction, it often
smooths out the diverse, conflicting information present in the samples [63]. To cap-
ture the full epistemic uncertainty, we consider the set of prediction samples before
averaging.

Deep Ensembles (DEs) [82] operate similarly but obtain diverse predictions
by training  independent models. The averaged prediction is pger= + Y, px. Like
BNN:s, the spread of the individual ensemble members pixcontains valuable infor-
mation about ambiguity that averaging obscures.

Evidential Deep Learning (EDL) [127] predicts the parameters of a Dirichlet
distribution. While this defines a density over the simplex, for decision-making
it is often collapsed to a mean point estimate. We effectively treat the Dirichlet

distribution as a generator of probability samples.
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6.2.3 Set-Valued Models

Credal Models represent uncertainty using a Credal Set [84, 32]—a convex set
of probability distributions. This set can be defined, for instance, by probability

intervals [é(y),f)(y)] for each class:

Cr(yKxD)={pe®P | p(y) <p(y) <p(»).Vy e Y}.K (6.1)

Belief Function Models, such as our Random-Set Neural Network (RS-NN),
predict a mass function mKover subsets of classes. As discussed in Chapter 5, a
belief function Bel is mathematically equivalent to a credal set Cr 5, containing all

distributions consistent with the belief evidence:
Cri yKx.D) = {p € P p(A) > Bel(A) K (6.2)

The center of mass of this set is the Pignistic Probability (BetP), used for making

point predictions.

6.3 Mapping Predictions to Credal Sets

To compare these diverse models, we map all their outputs to a common represen-
tation: the Credal Set. For Credal and Belief Function models, this representation
is native. For Bayesian, Ensemble, and Evidential models, we construct a credal
set from the spread of their prediction samples using the theory of Coherent Lower

Probabilities [103].

6.3.1 Construction Procedure

Given a sample of predicted probability vectors (e.g., from an ensemble or BNN
posterior), we follow this three-step process:
1. Compute Lower Probabilities: We define a lower probability P(A) for any

subset of classes A C Y as the minimum probability assigned to A across all samples
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in the collection:

P(A) = min P(A) K (6.3)

To maintain computational feasibility for large class counts N, we calculate this only
for a "budget” of relevant subsets obtained via clustering (as in RS-NN).
2. Compute Mass Function: We convert this lower probability into a mass func-

tion m pgasing the Mobius inversion formula:

BCA|

mp(A) = Z(i—l)'A\B'&B).K (6.4)

Negative masses are clipped to zero to ensure validity.
3. Compute Credal Vertices: Finally, we identify the vertices (extreme points)
of the resulting credal set using the mass function. These vertices p™*correspond to

permutations of the class labels:

Adxz(i); APxY () Vj<iK

P () = Z( mp(A) K (6.5)

This procedure allows us to visualize standard ensembles as “’clouds” or poly-
topes in the simplex, making them directly comparable to belief functions (See Fig-

ure 6.1 for a conceptual visualization).

6.4 Evaluation of Epistemic Predictions

We propose a unified evaluation metric & that assesses the quality of a credal set
based on two conflicting objectives: Accuracy (closeness to the truth) and Non-

Specificity (informativeness).

6.4.1 The Unified Metric

For a single data point with ground truth y, the metric is defined as:
E=d(y,9)+A1-NS[m],K (6.6)

where:
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E=d(y,j) + - NS[m]

Figure 6.1: Different types of uncertainty-aware model predictions, shown in a unit
simplex of probability distributions defined on the list of classes Y = {a,b,c}. Our
proposed evaluation framework uses a metric which combines, for each input x, a
distance (arrows) between the corresponding ground truth (e.g., (0,1,0)) and the
epistemic predictions generated by the various models (in the form of credal sets),
and a measure of the extent of the credal prediction (non-specificity).

* d(y,y) is the Distance between the ground truth yKa vertex of the simplex)
and the predicted credal set . We typically use the Kullback-Leibler (KL)

Divergence to the closest point (vertex) of the credal set. This rewards models

whose set of plausible probabilities includes the truth.

e NS[m] is the Non-Specificity, measuring the imprecision of the prediction.

We use the definition by [45]:
NS[m] = Z m(A)log|A|.K 6.7)
AC

High non-specificity means the model is vague (predicting large sets).

* A is a trade-off parameter that reflects the user’s risk tolerance.

6.4.2 Rationale and Scenarios

The metric penalizes two failure modes:
1. Overconfidence: High distance dKthe truth is outside the credal set) and low

NS (the set is small).
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2. Useless Vagueness: Low distance d (truth is inside) but very high NS (the set
is huge, e.g., ”it’s one of the 1000 classes™).

The choice of A depends on the application:

* Crop Disease Classification (Low A1): Abstention is allowed. We prioritize

containing the truth (low KL) and tolerate some vagueness (high NS).

* Autonomous Driving (High 1): Decisions must be made instantly. We penal-

ize vagueness heavily to force the model to be precise, ensuring decisiveness.

6.5 Experiments

We conducted extensive experiments to benchmark state-of-the-art uncertainty mod-

els using our unified metric.

6.5.1 Experimental Setup

Baselines: We evaluated (1) Standard Neural Network (SNN), (2) Laplace Bridge
BNN (LB-BNN) [65], (3) Deep Ensemble (DE) [82], (4) Evidential Deep Learning
(EDL) [127], (5) Deep Deterministic Uncertainty (DDU) [106], (6) Credal-Set Inter-
val NN (CreINN) [146], (7) Evidential CNN (E-CNN) [138], and our (8) Random-
Set NN (RS-NN).

Datasets: We used MNIST, CIFAR-10, and CIFAR-100. RS-NN generates be-
lief functions for a budgeted set of outcomes (30 focal sets for CIFAR-10, 300 for
CIFAR-100) to ensure efficiency.

6.5.2 Analysis of the Evaluation Metric

Table 6.1 details the performance of all models.

Results Discussion:

* CIFAR-10: Deep Ensembles (DE) achieve the highest accuracy (93.77%) and

a very low Evaluation Metric (&) when averaged. However, RS-NN is ex-
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Table 6.1: Comparison of Kullback-Leibler divergence (KL), Non-Specificity (NS)
and Evaluation Metric (&) for uncertainty-aware classifiers (trade-off 4 = 1). Mean
and standard deviation are shown for CIFAR-10, MNIST and CIFAR-100 datasets.

Dataset Model Test accuracy (%)(T) ECE () KL divergence (KL) Non-Specificity (NS) Evaluation metric (E)(])
LB-BNN 89.24 0.0565 0.243+1.315 0.166+0.398 0.409 +1.381
DE 93.77 0.0075 0.031£0.367 0.385+0.715 0.415+0.805
EDL 59.13 0.0491 0.002+0.011 2.267+0.067 2.270+0.066
CreINN 88.36 0.0108 0.058+0.374 0.596+0.812 0.654+0.892
CIFAR-10 E-CNN 83.5 0.6497 0.193+0.215 1.609 +0.003 1.802+0.215
RS-NN 92.99 0.0509 0.398 +1.895 0.009 +0.052 0.407 +0.500
SNN 90.25 0.0668 0.481+1.797 0.000 +0.000 0.481+1.797
LB-BNN Avg 89.24 0.0565 0.420+1.520 0.000 +0.000 0.420+1.520
DE Avg 93.77 0.0075 0.195+0.763 0.000 £ 0.000 0.195+0.763
DDU 91.34 0.0439 0.309+1.115 0.000+0.000 0.309+1.115
LB-BNN 99.55 0.0018 0.002+0.126 0.091 £0.380 0.093+£0.401
DE 99.32 0.0012 0.002+0.072 0.067 £0.320 0.070£0.331
EDL 94.42 0.2418 0.00007 +0.002 2.260+0.054 2.260+0.054
CreINN 98.23 0.0105 0.071 +0.609 0.005+0.043 0.077+0.612
MNIST E-CNN 99.27 0.7878 0.037 £0.065 1.608 +0.004 1.645 +£0.064
RS-NN 99.71 0.0059 0.053 +0.740 0.001+0.016 0.054 +0.741
SNN 98.90 0.0057 0.043 +0.497 0.000 +0.000 0.043 +£0.497
LB-BNN Avg 99.55 0.0018 0.016+0.251 0.000 +0.000 0.016 +0.251
DE Avg 99.32 0.0012 0.020+0.198 0.000 +0.000 0.020+0.198
DDU 99.28 0.0028 0.028 +0.336 0.000 +0.000 0.028 +0.336
LB-BNN 71.34 0.1332 0.146 £0.504 2.348+1.771 2.494+1.781
DE 74.08 0.0377 0.019+0.245 3.182+1.909 3.201 +1.906
EDL 45.76 0.3558 0.010+0.192 3.434+1.843 3.445+1.840
CreINN 44.30 0.1831 0.723 +£0.646 2.050+1.188 2.774+0.945
CIFAR-100 RS-NN 71.17 0.1336 1.518 +3.966 0.569+1.164 2.088 +4.025
SNN 65.51 0.2357 2.293+4.199 0.000+0.000 2.293+4.199
LB-BNN Avg 71.34 0.1332 1.617+2.886 0.000 £ 0.000 1.617+£2.886
DE Avg 74.08 0.0377 1.062+1.924 0.000 +0.000 1.062+£1.924
DDU 73.44 0.1142 1.180+2.260 0.000+0.000 1.180+2.260

tremely competitive, with an accuracy of 92.99% and the lowest & (0.407)

among the epistemic models (excluding averages).

* CIFAR-100: This more complex dataset highlights the strength of RS-NN. It
achieves the lowest & (2.088) compared to DE (3.201) and LB-BNN (2.494),
suggesting that RS-NN manages the trade-off between accuracy and precision

better when the number of classes is large.

* Model Behavior: Figure 6.2 reveals that EDL and E-CNN generally exhibit
consistently low KL but high Non-Specificity regardless of correctness, in-
dicating they are “safely vague.” In contrast, DE and RS-NN show a clear
distinction, being precise for correct predictions and appropriately uncertain

for incorrect ones.
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Figure 6.2: Measures of KL divergence (top left), Non-specificity (top right), Eval-
uation Metric (bottom left) for both Correctly (CC) and Incorrectly Classified (ICC)
samples from CIFAR-10.

6.5.3 Evaluation of the Trade-off Parameter

The parameter A controls the penalty for non-specificity. Figure 6.3 illustrates how

& changes with A.

* For LB-BNN, DE, and CreINN, & increases steadily with A, reflecting that

these models have moderate non-specificity.

* EDL and E-CNN show relatively flat or high metric values, confirming they

are inherently imprecise (high NS) regardless of the penalty.

6.5.4 Model Selection

Table 6.2 provides a ranking of models based on & for various A values on CIFAR-
10.
This ranking reveals a crucial insight: Deep Ensembles are superior when preci-

sion is paramount (low A1), likely due to their high accuracy. However, as the penalty
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Evaluation Metric (&) vs. Trade-off (A) for Each Model
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Figure 6.3: Evaluation metric vs trade-off parameter

for vagueness increases (1 — 1.0), RS-NN moves to the top rank. This indicates
that RS-NN is the most robust choice for high-stakes scenarios where both accuracy

and tight uncertainty bounds are required.

6.6 Conclusion

In this chapter, we addressed the critical lack of a standardized framework for bench-
marking epistemic classifiers. By proposing a Unified Evaluation Framework, we
have provided a rigorous methodology to compare diverse uncertainty models—
ranging from Deep Ensembles to Belief Networks—on a level playing field.

Central to this contribution is the introduction of the metric &, which formalizes
the intrinsic trade-off between correctness (distance to ground truth) and informa-
tiveness (non-specificity). This metric moves beyond simplistic accuracy scores,
penalizing models that are either confidently wrong or uselessly vague.

Our extensive experiments reveal that no single model dominates across all regimes.
While Deep Ensembles excel in low-penalty scenarios where raw accuracy is prior-
itized, our proposed Random-Set Neural Network (RS-NN) emerges as the superior
choice in high-stakes environments (high 4). This validates the hypothesis that ex-
plicitly modelling epistemic uncertainty via belief functions provides a safer, more

robust foundation for reliable Al than traditional probabilistic approaches.
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Table 6.2: Model Rankings Based on KL and NS on the CIFAR-10 dataset for dif-
ferent values of trade-off 4. Model selection is based on the mean of Evaluation
Metric (&) with models with the lowest & ranking first.

Trade-off (1) ‘

Model Ranking/Evaluation (£) Mean

01 DE, CreINN, EDL, LB-BNN, E-CNN, RS-NN
' [0.069, 0.117, 0.229, 0.259, 0.354, 0.399]

02 DE, CreINN, LB-BNN, RS-NN, EDL, E-CNN
’ [0.108, 0.177, 0.276, 0.309, 0.456, 0.515]

03 DE, CreINN, LB-BNN, RS-NN, E-CNN, EDL
’ [0.146, 0.237, 0.293, 0.309, 0.676, 0.682]

04 DE, CreINN, LB-BNN, RS-NN, E-CNN, EDL
’ [0.184, 0.296, 0.309, 0.402, 0.837, 0.909]

05 DE, LB-BNN, CreINN, RS-NN, E-CNN, EDL
’ [0.223, 0.326, 0.356, 0.403, 0.998, 1.136]

0.6 DE, LB-BNN, RS-NN, CreINN, E-CNN, EDL
’ [0.261, 0.342, 0.404, 0.415, 1.159, 1.363]

07 DE, LB-BNN, RS-NN, CreINN, E-CNN, EDL
’ [0.300, 0.359, 0.405, 0.475, 1.319, 1.589]

08 DE, LB-BNN, RS-NN, CreINN, E-CNN, EDL
' [0.338,0.376, 0.405, 0.535, 1.480, 1.816]

0.9 DE, LB-BNN, RS-NN, CreINN, E-CNN, EDL
’ [0.377,0.392, 0.406, 0.594, 1.641, 2.043]

1.0 RS-NN, LB-BNN, DE, CreINN, E-CNN, EDL
' [0.407, 0.409, 0.415, 0.654, 1.802, 2.270]
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Chapter 7

RANDOM-SET LARGE LANGUAGE MODELS

7.1 Introduction

In the previous chapters, we established the Random-Set Neural Network (RS-NN)
for classification tasks. We now turn our attention to one of the most transforma-
tive technologies in modern Al: Large Language Models (LLMs). While LLMs
produce high-quality text, their tendency to ”hallucinate” and their lack of reliable
uncertainty quantification remain significant barriers to trust [99].

In this chapter, I propose the Random-Set Large Language Model (RS-LLM).
This approach fundamentally alters the generation process of an LLM. Instead of
predicting a probability distribution over single tokens, RS-LLM predicts a belief
function over sets of tokens. By leveraging the budgeting techniques proposed ear-
lier and adapting them to the semantic space of language, we create a model that can
explicitly quantify second-order (epistemic) uncertainty, providing a robust mecha-

nism for hallucination detection and improved factual consistency.

7.2 Introduction and Motivation

Next-token prediction in language models is traditionally treated as a classification
problem over a fixed vocabulary V. Standard LLMs output a probability distribu-
tion PKver V using a Softmax layer. However, this representation has a critical
limitation: it cannot distinguish between aleatoric uncertainty (inherent ambiguity
in the language) and epistemic uncertainty (lack of knowledge due to data limita-
tions) [75].

Consider a simple example: an LLM is tasked to complete the sentence ‘‘Joe

likes to play ___’.
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* Scenario A: The model has seen training data where Joe plays both baseball

and basketball equally often.

¢ Scenario B: The model has never seen Joe before and has no information

about his hobbies.

A standard probabilistic model might output P(baseball) = 0.5, P(basketball) = 0.5
in both cases. The probability distribution is identical, yet the source of uncertainty
is fundamentally different.

The RS-LLM addresses this by predicting a Belief Function (or Random Set)

rather than a probability vector.

* In Scenario A (Ambiguity), it might predict: m({baseball}) = 0.5, m({basketball}) =
0.5.

* In Scenario B (Ignorance), it might predict: m({baseball, basketball}) = 1.0.

While both scenarios yield the same pignistic (decision) probability of 0.5 for each
token, the belief function representation explicitly encodes the lack of knowledge in
Scenario B via the mass assigned to the set.

In this chapter, we detail the architecture, the hierarchical budgeting strategy
required to scale this to LLM vocabularies ( 32K tokens), and the training regimen.
We demonstrate that RS-LLMs not only outperform standard LLMs in accuracy but
provide superior uncertainty estimates for detecting hallucinations.

We present a scalable methodology involving:

1. A hierarchical clustering-based Budgeting strategy to handle the exponential

output space of LLMs.

2. A modified Architecture and Training regimen using a specialized epistemic

loss function.

3. A robust Uncertainty Estimation framework leveraging Credal Set Width to

detect hallucinations.
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7.3 Methodology

7.3.1 Budgeting: Constructing the Frame of Discernment

The core challenge in applying Random Set theory to LLMs is the cardinality of
the vocabulary V. For a standard tokenizer (e.g., Llama-2), |'V| = 32,000. The

power set 232000

is computationally intractable. Unlike the data-driven budgeting
used in RS-NNs (Chapter 5), we propose a Semantic Budgeting strategy based on

the linguistic properties of the tokens.

Hierarchical Clustering of Token Embeddings

We hypothesize that epistemic uncertainty in language modeling manifests primarily
among semantically or syntactically similar tokens. Therefore, our focal sets should
group these related tokens.

We employ an Agglomerative Hierarchical Clustering approach:

1. Embedding Extraction: We extract the input embedding weights Ef RIVxd
from the pre-trained base model (e.g., Llama-2-7b).

2. Distance Computation: We compute a distance matrix using Cosine Dissim-
ilarity (though Euclidean and Manhattan distances were also explored, see Section
7.5.5).

3. Clustering: We build a dendrogram of tokens. We cut this tree to obtain a

fixed number of clusters

The final Budget O comprises:
* All singleton tokens in V' (to ensure precise generation is possible).
* The clusters derived from the hierarchy.

The total output size becomes |'V|+ . For our experiments, we typically set =

8000, resulting in an output dimension of ~ 40, 000.
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Figure 7.1: The RS-LLM Budgeting Pipeline. Token embeddings are extracted from
the base model and processed via hierarchical clustering to form semantically mean-
ingful focal sets (e.g., synonyms, morphological variants).

7.3.2  Architecture and Training

Any standard Causal Language Model (CLM) can be converted into an RS-LLM.
We replace the final linear layer (the “LM Head”) which maps hidden states 4 € R
to logits z € RIVI, with a new head mapping h — z’ € RI9.

Crucially, we replace the Softmax activation with a Sigmoid activation. In our
framework, the output logits represent the belief mass assigned to a set, not mutually
exclusive probabilities. The problem becomes mathematically analogous to multi-

label classification, where multiple sets (e.g., {cat} and {cat, dog}) can be "true”

simultaneously.

Training Generation

Ground- | |Ground-| Ground- -
truth truth truth . Prob

s oss | e
-

3

Prob Prob

N

‘BeIHBeIHBeI‘ ‘Bel‘
LLM LLM LLM LLM

t1 t2 t3 . t1 t1 02 t1 02 03

Figure 7.2: Training and Generation flow of RS-LLM. During training (teacher forc-
ing), the model predicts belief functions for the next token. During generation, the
predicted belief function is converted to a pignistic probability distribution for sam-

pling.
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Loss Function

We train the model using a compound loss function Lgg. First, we encode the
ground truth token y,gnto a belief vector belz {0, 1}|0|, where bel,(A) =1if y € A,
and 0O otherwise.

The primary loss is Binary Cross-Entropy (BCE):
141
Locee -7 o0 > [ el (A)log(Bel;(A)) + (1 - Bel;(A))log(1- Bel /(A))
Jj=1 AeO
(7.1)
The Moebius inverse cannot be used here, as it requires the belief values for all
the subsets of a given set to compute the corresponding mass function. This distincts

it from the loss function used in [95], as this makes it more generalizable and usable

with all kinds of budgetted focal sets.

m(A) = Bel(A) - Z m(B) (Recursive definition) (7.2)
BCA,B#AK

To encourage the axioms of Dempster-Shafer theory (masses must be non-negative
and sum to 1), we introduce regularization terms derived from the implicit mass as-

signment:

M= max 0, Z m(A)—1] (Sum-to-one constraint) (7.3)
Ae

M, = Z max(0,—m(A)) (Non-negativity constraint) (7.4)
Ae

The total loss is Lrsxg= Lpcext aM g+ M. We empirically set @ = 8 = 0.01
(see Ablation Studies).

To ensure adherence to valid belief functions, regularisation terms are intro-
duced to discourage deviations, akin to how training-time regularisation in neu-
rosymbolic learning fosters predictions that align with commonsense reasoning [54].
Nevertheless, when aKind SKre too small, regularisation alone may not suffice to

maintain the validity of belief-function predictions. In such instances, a corrective
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post-processing step is implemented: negative mass values are reset to zero, and an
additional ‘universal’ set — comprising all classes — is incorporated into the final
budget. This ensures that any residual mass is assigned to this set, preserving the
requirement that the total mass across all focal sets in O sums to 1. This adjustment
follows well-established approximation methods [33, 35], as detailed in [38], Part

IIT or [36].

7.3.3  Uncertainty Estimation

RS-LLM provides two distinct measures of uncertainty for every generated token:
1. Pignistic Entropy (Hgs): The entropy of the pignistic probability distribution
BetP (the center of mass of the credal set). This captures total uncertainty (aleatoric

+ epistemic).

teT

Hgsi= meanr{— Z etP;(t)log BetP j(z)} K (7.5)

2. Credal Set Width: This is a specific measure of epistemic uncertainty. It is
defined as the difference between the upper probability and lower probability bounds

for the predicted token #:

P(t) = max P(t), P(t)= min P(t),K (7.6)
PeCre PeCre

A large width implies that the model has assigned significant mass to sets containing

tKe.g., {t,other}), indicating it cannot distinguish between them (ignorance).

7.4 Experiments

We evaluated RS-LLM against standard LLLMs and other uncertainty quantification

methods.

7.4.1 Experimental Setup

Models and Baselines: We utilized three base architectures: Llama2-7b [139],

Mistral-7b [72], and Phi-2 [71]. We compared RS-LLM against:
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» Standard LLM: The base model fine-tuned with standard Cross Entropy.

* BLoB [148]: A Bayesian Low-Rank Adaptation method.

* LoRA Ensembles [8]: An ensemble of Low-Rank Adapters.

* MC-Dropout [51]: Monte Carlo Dropout applied to LLMs.

Datasets: We employed four datasets covering different reasoning modalities:
* CoQA [121]: Conversational Question Answering (Free text).

* OBQA [101]: Open Book Question Answering (Multiple choice, STEM).
* BoolQ [28]: Boolean (Yes/No) reasoning.

* ARC-E [29]: Elementary science questions.

Training & Implementation: By Utilising the budgeting techinique highlighted
in Section 7.3.1, we extract = 8,000 focal sets from 32,000 tokens in Llama2 and
Mistral, and 51,200 tokens in Phi-2, so that the output size of the last layer for RS-
Llama2 and RS-Mistral is 32,000 + 8,000 = 40,000, and 51,200 + 8,000 = 59,200
for Phi-2. The models are trained using the Supervised Fine-tuning (SFT) method
for LLMs.

All models are trained on NVIDIA A100 80GB GPUs using Huggingface’s trl
framework [59] with default training parameters for 5 epochs, with a batch size of 8.
To further boost the training, we add LoRA adapters [154] of rank 64 to all blocks
of the model. Furthermore, we load and train the model in 4-bit mode for enhanced
efficiency. Similary setting is used for BLoB and LoRA Ensembles with number of
samples and number of ensemble set to 2 for them respectively. For RS-Llama2, we
set @ = = le —2 as hyperparameter values in the loss function.

Figure 7.3 highlights the training prompt template. The blue text represents the
instructions to the LLLM while black represents the actual question. The model is

trained to predict the text in green. At generation time, the model is given input in
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the same template but without the answer. The model then continues the statement

and produces the answer.

CoQA OBQA

Fact:
##H# Story: The Vatican Apostolic Library (), more commonly | the sun is the source of energy for physical cycles on Earth
called the Vatican Library or simply the Vat, is the library of

the Holy See, located in Vatican City. Formally {(.....) Answer the following question based on the above fact by
though some are very significant. selecting the correct option.
Answer the following question based on the above story. The sun is responsible for
A) puppies learning new tricks
When was the Vat formally opened? B) children growing up and getting old
##t# Answer: It was formally established in 1475 C) flowers wilting in a vase

D) plants sprouting, blooming and wilting

##H# Answer: D

Figure 7.3: Training examples from CoQA and OBQA datasets. The text in black
highlights the actual question, while the blue text represents prompt instructions.
The model is trained to predict the text in green.

7.4.2  Generative Performance

We evaluate all model architecures on CoQA and OBQA datasets to higlight the per-
formance improvments over standard LLMs. For CoQA, we produce free text. To
evaluate the closeness of generated and ground truth text, we employ the cosine sim-
ilarity metric between the two [9]. Cosine Similarity is a metric used to determine
the cosine of the angle between two non-zero vectors in a multi-dimensional space.
It is used in CoQA to measure semantic closeness between question and context (or
candidate answers) text embeddings. Whereas, for OBQA, the option label is ex-
pected and generated which allows us to conveniently measure the accuracy w.r.t.
the ground truth. Table 7.1 reports the cosine similarity and accuracy on the CoQA
and OBQA datasets, respectively, for both models. RS-LLMs clearly outperform
the standard LL.Ms model on both datasets across all models, even though all mod-
els are trained using the exact same regimen. This clearly shows the representative

prowess of random sets in the output space.

7.4.3  Comparison with Uncertainty Baselines

We also compare our approach with other uncertainty methods; namely BLoB [148]

and MC-Dropouts,bayesian based methods and LoRA Ensembles [8], an esemble
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Table 7.1: Performance comparison on CoQA (Cosine Similarity) and OBQA (Ac-
curacy). RS-LLMs consistently outperform standard baselines, indicating that the
belief-function representation captures richer semantic information.

CoQA OBQA

Model (Cosine Sim.) (Accuracy)
Llama2 0.69 83.20
RS-Llama2 0.71 89.60
Mistral 0.67 91.60
RS-Mistral 0.72 93.00
Phi2 0.72 87.60
RS-Phi2 0.73 91.80

based method on ARC-E [29], BoolQ [28] and OBQA [101] datasets. All methods
are evaluated using Llama-2 models. Table 7.2 shows the quantitative results. RS-
Llama?2 significantly outperforms all the other methods on all datasets in terms of

accuracy, clearly showcasing its superiority.

Table 7.2: Accuracy comparison on ARC-E, BoolQ, and OBQA. RS-Llama2 sur-
passes both Bayesian and Ensemble approaches.

ARC-E BoolQ OBQA
Llama2 83.89 87.51 83.20
BLoB 84.78 8723 85.12
LoRA Ensembles 84.31 87.09 81.38
MC-Dropout 85.02 8732  82.51
RS-Llama2 86.12 88.56 89.60

7.4.4  Uncertainty quantification

. In Figure 7.4, instead, we show how the uncertainty measures produced by the
two models behave with respect to the correctness of the answer. It illustrates the
entropy distributions of correct vs. incorrect predictions for all models on the OBQA
dataset. Ideally, these distributions should be clearly separable. Both BLoB and RS-
Llama2 perform well in this regard, with RS-Llama2 further distinguishing itself by

exhibiting a sharp spike at zero in the correct prediction distribution.



63

1.01 Incorrectly Predicted Incorrectly Predicted
Correctly Predicted -0 Correctly Predicted
0.8
g 061 o
= =
g 8 10/
i 0.4 C
0.2 51 c
0 7

0 1 2 3 4 -1 0 1 2 3
Entropies for Standard LLama2: OBQA Entropies for RS-LLama2: OBQA
: 3.01 ;
Incorrectly Predicted Incorrectly Predicted
Correctly Predicted Correctly Predicted
2.01 2,51
g'1.51 3201
C c
g $15
o o
2101 g
1.0
05 0.5
0.0- 0.0-
0 1 2 3 4 0 1 2 3
Entropies for Deep Ensembles: OBQA Entropies for BLoB: OBQA

Figure 7.4: Behavior of entropy measures for all models with respect to the correct-
ness on OBQA dataset.

7.4.5 Hallucination Detection

A primary goal of these models is detecting hallucinations. We simulated halluci-
nations by providing the model with incorrect context (e.g., irrelevant paragraphs
for a reading comprehension task) and measuring the resulting uncertainty. A good
model should exhibit high uncertainty when the context is wrong. Tabs. 7.3 & 7.4
presents the uncertainty evaluation and AUROC of all uncertainty methods under
correct and incorrect context on BoolQ and OBQA datasets respectively. As evi-
dent, RS-Llama?2 exhibits significantly superior performance on BoolQ while also
showing comparable performance on the OBQA dataset.

We further evaluate the hallucination detection on CoQA dataset using entropy
measures. Table 7.5 presents the uncertainty evaluation and AUROC for Llama2
and RS-Llama2 under both correct and incorrect context conditions. Note that the

results for BLoB and LoRA Ensembles are not available for CoQA, as their imple-
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Table 7.3: Hallucination detection performance (AUROC) on BoolQ using Entropy.

Model CC () IC (1) AUROC
LLama2 0.50+0.52 0.97+0.64  78.43
BLoB 0.33+0.26 0.45+0.30 56.34

LoRA Ensembles 0.42+0.36 0.60+0.44  61.62
RS-LLama2 0.13+0.22 0.62+0.36  86.34

Table 7.4: Hallucination detection performance (AUROC) on OBQA using Entropy.

Model CC () IC () AUROC
LLama2 0.75+0.59 1.10£0.93  66.45
BLoB 0.48+0.53 1.46+0.47 9245

LoRA Ensembles 0.62+0.72 1.12+0.91 63.21
RS-LLama?2 0.14+0.38 0.61+0.68 90.23

mentations do not currently support free-text generation tasks, limiting their appli-
cability to this particular dataset. As shown in the results, RS-Llama2 demonstrates
superior performance in detecting hallucinations on the CoQA dataset, outperform-
ing Llama2 and further validating its effectiveness in handling hallucinations across

different types of tasks.

Table 7.5: Uncertainty evaluation using entropy for Llama2 and RS-Llama?2 for
CoQA on correct and incorrect context.

CoQA
CC () IC(T)  AUROC
LLama2 0.39+0.45 0.90+0.80 70.56
RS-LLama2 2.39+1.42 4.70+3.25 72.14

Model

Lastly, we evaluate the hallucination detection for RS-Llama2 using credal set
wdith. The experiment setting is same as for previously. Only the metric for uncer-
tainty measurement is changed. Table 7.6 presents the uncertainty evaluation and
AUROC for RS-Llama uncertainty methods under both correct and incorrect context
conditions. As shown in the results, RS-Llama2 effectively detects hallucinations
under credal set width too. This reinforces the model’s robustness in uncertainty es-
timation, making it a reliable choice for real-world applications where context errors

may occur.
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Table 7.6: Uncertainty evaluation using credal set width for RS-Llama2 on correct
and incorrect context.

Dataset CC) IC (D) AUROC
CoQA 0.13+£0.13 0.28+0.21  69.24
OBQA 0.01+£0.05 0.10+0.09  81.90
BoolQ 0.00+0.01 0.01£0.02  67.23

7.4.6  Align Score

In addition to using cosine similarity for the evaluation on the CoQA dataset, we also
introduce another evaluation metric known as Align Score [155]. The Align Score
is a measure of factual consistency between the generated and predicted text. While
traditionally used for measuring alignment in machine translation tasks, we adapt
it for the Question Answering (QA) setting. Specifically, in our case, we compute
the Align Score between the ground truth and the generated answer, providing a
more meaningful and relevant assessment for QA models. This adaptation allows
us to assess how consistent the model’s generated answers are with the true answers,
focusing on factual accuracy rather than just semantic similarity.

Table 7.7 presents the Align Score between the ground truth and the generated
answers for different models on the CoQA dataset. From the results, it is evident that
RS-LLMs (Random-Set LLMs) consistently outperform standard LLMs across all
tested models. This demonstrates the superiority of RS-LLMs in generating more
factually consistent and reliable answers, highlighting their effectiveness in tasks

where factual accuracy is critical.

Table 7.7: AlignScore on CoQA Dataset for Llama2 and RS-Llama2

Model Llama2 RS-Llama2

Llama2 0.44 0.57

Mistral 0.46 0.52
Phi2 0.51 0.56
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7.4.7 Ablation on Hyperparameters a & BK

The terms M xand M, as defined in Equation 7.3 are included in the loss function
to enforce the validity of the belief functions generated by the model. Specifically,
these terms encourage two key properties: the sum of the masses must be equal
to 1, and all masses must remain non-negative. These constraints ensure that the
model outputs consistent and valid belief functions. However, it is crucial to strike
an appropriate balance in determining the weight of these terms within the overall
loss function. Excessively penalizing deviations from these constraints can lead to
undesirable consequences, as it may impair the model’s ability to make accurate
predictions.

This issue is similar to the problem faced in Variational Autoencoders (VAEs),
where an overemphasis on the KL divergence term in the loss function can cause
the model to focus too heavily on matching the latent distribution, potentially at the
expense of reconstructing the input data faithfully. As a result, while the latent space
may be well-regularized, the quality of the data reconstruction may suffer, leading
to subpar performance.

To investigate the optimal balance between constraint enforcement and predic-
tive performance, we conducted experiments with different values for the hyperpa-
rameters akind 5. These hyperparameters control the relative importance of the
mass-related terms in the loss function. Table 7.8 presents the cosine similarities
for RS-Llama2 with varying values of aKnd . Our findings indicate that values
of @ = 8=0.01 and @ = B =0.0001 yield similar performance in terms of cosine
similarity. However, to further encourage the generation of valid belief functions,
we opt for @ = 8 = 0.01 in our experiments, as this choice strikes a better balance

between model accuracy and constraint satisfaction.

Table 7.8: Cosine Similarity values for different o = 8 settings

a =BK 0.1 0.01 0.001 0.0001
Cosine Similarity 0.66 0.71 0.69 0.71
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7.4.8 Ablation on Number of Focal Sets

The number of non-singleton focal sets, denoted as , to be budgeted is a critical
hyperparameter that can influence model performance. It is important to explore the
impact of different values of , as it can affect the balance between model expres-
siveness and computational complexity. Specifically, a lower value of may lead to
results that closely resemble those of traditional large language models (LLMs), as
it restricts the number of focal sets the model generates, thereby simplifying its task.
On the other hand, a higher value of introduces greater complexity, as the model
is tasked with managing a larger number of focal sets, potentially increasing the di-
versity and richness of its predictions, but at the cost of computational efficiency
and potential overfitting.

To better understand the effect of  on model performance, we conducted an ab-
lation study on the CoQA dataset, as shown in Table 7.9. In this study, we evaluated
the model’s performance across various values of , ranging from smaller budgets
(2,000 focal sets) to larger ones (16,000 focal sets). We also included a ”"Com-
bined” budget, which represents the union of the budgets for 2,000, 4,000, 8,000,
and 16,000 focal sets. This approach allows us to observe how combining different
budgets impacts the model’s ability to generalize and maintain performance.

Our findings indicate that using a medium value of —mneither too small nor
too large—yields the most optimal results. This balance ensures that the model
has enough focal sets to generate meaningful predictions while avoiding excessive
complexity that could hinder its ability to generalize effectively. These experiments
were conducted using Llama2 with hyperparameters @ = 8 = 0.01, and the results

suggest that tuning  is essential for achieving the best performance.

Table 7.9: Cosine Similarity values across different budget sizes

Budget Size 2000 4000 8000 16000 Combined (24,538)
Cosine Similarity 0.67 0.68 0.71  0.66 0.69
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7.5 Analysis of Budgeted Focal Sets

In this section, I present a comprehensive analysis of the budgeted focal sets gener-
ated using our novel budgeting approach. To conduct this evaluation, I employ the
Llama2-7b-hf model, which supports a substantial token context size of 32,000. For
the budgeting parameter, we set = 8000, meaning that from the enormous theoret-

232000

ical space of possible focal sets, we constrain and select a manageable subset

of 8,000 focal sets to analyze.

7.5.1 Qualitative Assessment of Focal Sets

The resulting focal sets exhibit strong semantic coherence, demonstrating that the
budgeting technique effectively clusters related tokens. For instance, several focal

sets group together semantically or contextually related words, such as:

e {cattle,sheep} — grouping related livestock terms.
* {shame,pity} — expressing related emotional states.

* {quiet,calm,quietly}— capturing synonyms and related adverbs describ-

ing tranquility.

* {maintain,retain,maintained,retained} — grouping verb forms and

their conjugations.

* {delight,pleasure,pleased,proud,pride} — combining expressions of

positive emotions and states.

These examples highlight the model’s ability to capture both lexical similarity

and subtle semantic relationships within the focal sets.
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7.5.2  Quantitative Semantic Analysis: Centroid Distance

To quantify the semantic coherence of these focal sets, we perform a detailed se-
mantic analysis by calculating the centroid distance for each set. Specifically, we
use sentence-transformers [67] to obtain vector embeddings for each token within
a focal set. The centroid distance is then computed as the mean Euclidean distance
between each token’s embedding and the centroid (mean vector) of the entire set.
Figure 7.5a illustrates the distribution of these centroid distances across all 8,000
budgeted focal sets. The majority of the focal sets exhibit very small centroid dis-
tances, clustering tightly around zero, indicating high semantic similarity among
the tokens in each set. Only a small fraction of sets show larger distances, which
may correspond to more diverse or loosely connected token groups. This empirical
evidence strongly supports the effectiveness of our budgeting method in generating

semantically meaningful and coherent focal sets.

7.5.3 Distribution of Focal Set Sizes

Further insights are gained by examining the distribution of focal set sizes, as de-
picted in Figure 7.5b. The data shows that most focal sets are relatively small, with
sizes of 2, 3, and 4 being the most prevalent. Specifically, we observe 2,142 sets
of size 2, 1,940 sets of size 3, and 1,562 sets of size 4, making these the dominant
group sizes.

The largest focal set identified contains 162 tokens. Closer inspection reveals
that this set predominantly consists of punctuation marks and symbols such as pe-
riods (.), exclamation marks (!), hashes (#), dollar signs ($), and percent signs (%).
The formation of such a large set comprising non-lexical tokens is intuitive, as these
symbols often co-occur or share syntactic roles, making them a natural cluster in the

budgeting process.
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Figure 7.5: (a) Frequency distribution of centroid distances of the obtained budgeted
focal sets. (b) Frequency distribution of sizes of obtained budgeted focal sets. Note:
There are 8 focal sets with sizes > 30. They are excluded here for better visualisation.
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7.5.4  Morphology and synonymity analysis

Furthermore, we conduct a detailed semantic analysis of the obtained focal sets to
understand the nature of the token groupings. Specifically, we investigate whether
the sets primarily consist of tokens sharing the same root word—indicating morpho-
logical similarity—or if they instead contain different words that are semantically
related, such as synonyms.

To quantitatively evaluate morphological similarity, we measure the length of
the longest common substring among tokens within each set. Our analysis reveals
that out of the 8,000 budgeted focal sets, 4,508 sets have a longest common substring
length of two characters or fewer, suggesting that these sets mostly consist of tokens
with little or no shared root structure. In contrast, only 721 sets have a longest
common substring length of six characters or more, indicating a smaller subset of
sets with strong morphological ties.

In addition to morphological analysis, we assess synonymy within the focal sets.
Using a lexical resource to identify synonyms, we find that 2,703 sets contain at least
one pair of synonymous tokens. This indicates that a substantial portion of the focal

sets cluster semantically similar but lexically distinct words.
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Taken together, these findings demonstrate that our budgeting technique pro-
duces a diverse collection of focal sets: some clusters are formed by morphologically
related variants of the same root word, while others group distinct but semantically
similar words. This diversity enhances the generality and flexibility of our budgeted
sets, allowing them to capture a broader range of linguistic relationships rather than

being restricted to one type of semantic similarity.

7.5.5 Impact of Distance Metrics on Performance

Finally, we investigate the performance of various distance metrics in hierarchical
clustering. Specifically, we evaluate the effectiveness of different distance metrics
for RS-Llama2 embeddings on the CoQA dataset. Table 7.10 presents the cosine
similarities obtained using several distance measures for hierarchical clustering. Our
analysis reveals that all the metrics exhibit comparable performance, with only minor
variations observed across the different methods. Notably, Euclidean distance and
Cosine similarity perform slightly better than Manhattan distance, likely due to their
higher expressiveness in capturing the geometric relationships within the embedding
space.

In addition to evaluating individual metrics, we also explore the performance
when combining the distance metrics into a richer, multi-metric budget. The re-
sults show that it remains competitive, performing similarly to when as compared to
stand-alone metric budgets. However, a key advantage of using a combined budget
approach is that it yields better uncertainty estimates. This enhanced uncertainty

estimation can allow for more accurate detection of hallucinations (see Table 7.11).

Table 7.10: Cosine Similarity values for different distance metrics in hierarchical
clustering

Distance Metric Cosine Similarity
Euclidean Distance 0.71
Manhattan Distance 0.70

Cosine Similarity 0.71

Combined Budget (16,354) 0.70
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Table 7.11: Uncertainty evaluation using pignistic entropy of budgeting with a stand-
alone metric and with combined metrics.

CoQA
CC () IC (D) AUROC
Stand-alone Metric (Euclidean Distance) 2.39+1.42 4.70+3.25 72.14
Combined Metrics 2.62+1.74 6.34+3.87 80.09

7.6 Conclusion

This chapter introduced the Random-Set Large Language Model (RS-LLM), a trans-
formative approach to uncertainty quantification in generative Al. By redefining the
output space of an LLM as a belief function over sets of tokens, we moved beyond
the limitations of standard point-estimate probabilities.

Our key innovation was the successful adaptation of the budgeting strategy to
the semantic space of language. By clustering token embeddings, we reduced the
exponential output space to a manageable set of semantically meaningful focal sets
(e.g., synonyms, related concepts), making the approach computationally feasible
for large vocabularies.

The experimental results validate this methodology across multiple dimensions:

1. Generative Performance: RS-LLMs consistently outperformed standard base-
lines in generation quality (Cosine Similarity) and factual consistency (Align-

Score) across diverse datasets like CoQA and OBQA.

2. Hallucination Detection: The unique metrics derived from belief functions
(Pignistic Entropy and Credal Set Width) proved highly effective at distin-
guishing correct from incorrect contexts, significantly outperforming Bayesian

and Ensemble methods on benchmarks like BoolQ.

3. Interpretability: Our analysis of the focal sets confirmed that the model learns
to group tokens based on both morphological and semantic similarity, provid-

ing a transparent view into the model’s confusion.
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These findings demonstrate that RS-LLMs offer a robust, scalable, and theoret-
ically grounded path toward building trustworthy language models that can reliably

signal their own ignorance.
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Chapter 8

EPISTEMIC DIFFUSION MODELS

8.1 Introduction

While the previous chapters explored uncertainty in discriminative models and Large
Language Models, this chapter turns to the frontier of visual generative modelling:
Diffusion Models.

Diffusion Models [133] have recently established themselves as the state-of-the-
art in image generation, capable of synthesizing samples of unprecedented quality
[122]. Despite their success, standard diffusion models operate under a determinis-
tic or rigidly scheduled variance assumption. This limits their ability to model the
true underlying variability of the data generation process, often leading to a lack of
diversity in the generated samples.

In this chapter, we propose Epistemic Diffusion Models, a ’two-level” diffusion
process. Instead of predicting a single Gaussian noise distribution at each step, our
model learns a second-order distribution (specifically, a Normal-Inverse-Gamma
distribution) over the parameters of the Gaussian noise. This allows the model to
capture epistemic uncertainty regarding the diffusion process itself, aiming to im-

prove sample diversity and generation fidelity.

8.2 Background: Denoising Diffusion Probabilistic Models

Although originally proposed in 2015 [133], it was not until 2020 [64] that the re-
search community began to fully exploit the potential of diffusion models. Broadly,

these models can be categorized into three types:

1. Denoising Diffusion Probabilistic Models (DDPMs) [133, 64], inspired by

non-equilibrium thermodynamics.
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2. Noise-Conditioned Score Networks (NCSNs) [135], which learn a score func-

tion (gradient of the log-density) at various noise levels.

3. Stochastic Differential Equations (SDEs) [136], which generalize the process

to continuous time.

This thesis focuses primarily on the first category: DDPMs. These models con-
sist of two opposing processes: a fixed Forward Diffusion Process that destroys data,

and a learned Reverse Denoising Process that creates data.

8.2.1 The Forward Diffusion Process

The forward process incrementally corrupts a real data sample xy by adding Gaus-
sian noise over TKsteps, resulting in a sequence Xp,...,Xr. The magnitude of the

noise added at each step is controlled by a pre-defined variance schedule {Sx (0, 1) }IT:1 :

TK
g (il xi-1) = N (x34T —ﬁzxt_l,ﬁtl)(, g (il %0) = [ [ (xd xi-1) K (8.1)
t=1

As tKncreases, the original features of x( are gradually obliterated. As TKk— oo,
the distribution of x7xconverges to an isotropic Gaussian N (0,1).

A critical property of this Gaussian Markov chain is that we can sample xxat
any arbitrary timestep ¢ directly from xo without iterating through intermediate steps.
This is achieved via the ‘‘reparameterization trick”’. Let a,= 1 — Band @ = Hf: | @i

The derivation is as follows:

Xk = VarXe—1 +V1 —a €4 ; where €;_1,--- ~ N(0,I)
=+ a1 X2+ V] —a;a,-1€,p  ; merging two Gaussians
— ... (8.2)

= \/C_L'_tX() + V1 —a€
g (xilx0) =N ((q; Vo, (1- atn)(
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Typically, the schedule is defined such that 8| < 8> < --- < B, meaning we take

larger corruption steps as the signal becomes noisier.

8.2.2 The Reverse Denoising Process

To generate data, we must reverse this process by sampling from the posterior g (x;—1 | X;).
If the noise steps SB;xare sufficiently small, this reverse distribution is also Gaussian.
However, computing it exactly requires knowledge of the entire dataset. Therefore,

we approximate it using a learnable model py:

T
pokxor) = p (X1) l—[ oKXi—1 | X¢)3  pokXe—1 | X¢) = N (Xe—15 o X1, 1) , Dok Xs, 1)) (K
i=1

To train this model, we utilize the fact that the reverse posterior is tractable whe

conditioned on the ground truth xg:

q(X—1 | x1,X0) = N (Xt—l;ﬂ (X1,X0) ,le) K

By applying Bayes’ rule, we can derive the closed-form expressions for the mean

[t and variance f;:

q(Xi-1 | X1,X0) = q (Xe X1-1,%0) %
* - ({([Kh @XH)Z + (ﬁH _ mxo)z B (f‘tlr \/@_zxo)z
exp 2 \ Bk \ 1—a \ I~

Through algebraic manipulation (completing the square for x;_;), we identify

the parameters of this distribution:

~ 1 —C_l't_l

,le(: 1—a ',31
- \/%1{1 —@;-1) Va;- ,BtK
X, X0) = - Xkt .
1 —ax I- a’tK

Using the reparameterization from Eq. (8.2) to express Xo in terms of X;zand ¢,

the mean becomes:

K( 1 G,’IK ) K
'umh‘/_ M l_a'tK
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Optimization Objective

We optimize the model by minimizing the Variational Lower Bound (VLB) on the

negative log-likelihood:

q (XI:TId XO)

K
pHKXO:T)

Lvis = Eg(xr) [log

This objective can be decomposed into a sum of KL-divergence terms at each timestep:

T

Lvig =E,[Dxy (g (X7 X0) || pekx7)) +Z€KL (g (Xi=1 | X1, X0) || porkX:—1 | X)) —log perXo | X1)]
L,y Lo

~ -~ -~
X ( i( £ c(
This formulation allows u$ to train the neural network to predict the noise €x(or

equivalently the mean p,) at each step.

8.3 Problem Statement and Motivation

Diffusion models represent a significant leap forward from Generative Adversarial
Networks (GANSs), solving key issues such as training instability and mode collapse
[69]. However, they introduce new challenges. The most prominent is the slow
inference time [134], necessitating iterative sampling over thousands of steps.

While the community has aggressively optimized sampling speed—via distil-
lation [125], flow matching [88], and latent space modelling [122, 141]—a funda-
mental issue remains under-addressed: Diversity.

Diffusion models are often praised for having better coverage than GANs [14].
However, quantitative analyses using the Vendi Score (VS) indicate that diffusion
samples are actually [ess diverse than the training datasets (e.g., ImageNet, CIFAR-
10) they mimic [49]. As illustrated in Figure 8.1, popular models like Stable Dif-
fusion [122] often produce outputs that are startlingly similar in composition, pose,
and style, failing to capture the full richness of the semantic prompt.

Furthermore, standard DDPMs [64] typically fix the variance Skrather than

learning it. Even “improved” versions [111] or implicit models [134] constrain the



Figure 8.1: Diversity analysis on images generated by the Stable Diffusion Model
[122]. Top: an oil painting of a horse sitting in an airplane” yields samples with
nearly identical composition. Middle: “a picture of a girl eating dinner” produces
subjects with similar demographics. Bottom: replacing “girl” with “female” results
in identical poses, highlighting a lack of generative diversity.

variance to a deterministic schedule or a narrow learned range. This rigid treatment
2 2

of stochasticity limits the model’s “creativity.” We argue that the randomness should

be a controllable property of the model, not a fixed property of the process.

8.4 Epistemic Diffusion Models

To solve the diversity problem and introduce true uncertainty awareness, we propose
Epistemic Diffusion Models.

In a standard diffusion model, at each reverse step, the model predicts the mean
Horof a single Gaussian distribution (assuming fixed variance). We propose a two-
level approach. Instead of predicting the parameters of the Gaussian directly, the
model learns a second-order probability distribution over the space of possible Gaus-
sian noise parameters.

At each generation step, we first sample a specific mean and variance from this

second-order distribution, and then sample the image transition from the resulting
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Figure 8.2: Left: Standard diffusion generation using a fixed Gaussian. Right: Epis-
temic diffusion generation. At each step, we sample a Gaussian from a learned
second-order distribution (depicted by the shaded region representing the variance
of the cloud of Gaussians), enhancing diversity.

Gaussian.

This approach offers several key benefits:

1. Enhanced Diversity: By sampling from a distribution of distributions, the

model can access a broader range of generation pathways (see Figure 8.2).

2. Better Data Modelling: A single Gaussian is unimodal. A distribution over
Gaussians can model complex, multi-modal data distributions more flexibly

(see Figure 8.3).

3. Uncertainty Awareness: The variance of the predicted second-order distribu-
tion provides a measure of epistemic uncertainty—how unsure the model is

about the denoising step.

8.4.1 Methodology: The Normal-Inverse-Gamma Prior

To make this two-level inference tractable, we need a suitable distribution to model
the uncertainty over the Gaussian parameters (mean uKind variance o2). We se-
lect the Normal-Inverse-Gamma (NIG) distribution [2]. The NIG distribution is the
conjugate prior for a normal distribution with unknown mean and variance, which
allows for closed-form Bayesian updates without expensive Monte Carlo simula-

tions.
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Figure 8.3: Left: Standard diffusion models capture data variability using a single
Gaussian. Right: Epistemic diffusion models model this variability as a second-
order distribution over possible Gaussian PDFs, allowing for more flexible data mod-
elling.

Under this framework, the noise parameters (u, o) are distributed as follows:
(u,0%) ~N-I' (i, 2,2, B).K (8.3)
Specifically, the variance o2 follows an Inverse-Gamma distribution:
o’ la.f~T" (a.p)
And conditioned on o2, the mean u follows a Normal distribution:
plo? w A~ N o?/2) (8.4)

Here, the model must predict four parameters: ¢’ and A (controlling the mean),

and a and S (controlling the variance).

8.4.2 Loss Function

To train the epistemic diffusion model, we design a composite loss function com-

prising three terms:

1. Variance MSE: The error between the true variance of the noise schedule and

the predicted variance sampled from the Inverse-Gamma distribution.

2. Mean MSE: The error between the true mean and the predicted mean. The

predicted mean is obtained via sampling: first sample 0,¢q, then compute

Mpredk= u+ O-predK/lK1 ‘€.
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3. KL Divergence: We enforce consistency by minimizing the KL divergence
between the Normal distribution defined by the true parameters (usrye, Otrue)

and the distribution defined by the sampled parameters (U pred, Opred)-

The KL divergence between two Gaussians p and q is:

2 2
O-predK+ Otrue + (,Utrue - /Jpred)

L(p.q) =1log 5 0.5
Otruek 20—predK
The total loss is a weighted sum:
L=w;- MSE(O-truea O-pred) +wy- MSE(,utrueaﬂpred) +w3-KLD (8.5)

8.5 Bayesian Formulation and Challenges

Implementing this fully Bayesian diffusion process is non-trivial. We propose a
hybrid approach where the mean parameters (u’, AK') are predicted per-pixel by the
U-Net, while the variance parameters (a;g, B;¢) are learned as global properties of
the model (or per timestep) independent of the specific input image.

A major challenge is establishing the priors. Since a;ggand B;ggmust be initial-
ized, an inappropriate prior can prevent convergence. We explored two strategies:
1. Uninformative Priors: Minimizing the impact on the posterior. 2. Learned Pri-
ors: Estimating the prior parameters from a set of randomly sampled, monotonically
increasing variance schedules using Maximum Likelihood Estimation [90].

Updating these parameters involves calculating a posterior, for which we ex-

plored Variational Inference [91] and Monte-Carlo sampling.

8.6 Evaluation metrics

To rigorously evaluate both the fidelity and the diversity of our outputs, we employ
two complementary metrics: the Fréchet Inception Distance (FID) [62] for image

quality and the Vendi Score [50] for sample diversity.
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Fréchet Inception Distance (FID): The Fréchet Inception Distance has become
a standard metric for assessing the visual realism of images synthesized by gener-
ative models. FID operates by embedding both real and generated images into the
feature space of a pretrained Inception network and then modeling each set of ac-
tivations as a multivariate Gaussian distribution. Lower FID values indicate that
the generated distribution more closely matches the real data distribution in feature
space, reflecting higher sample fidelity and fewer visual artifacts.

Vendi Score: While FID effectively captures sample quality, it does not directly
quantify how well a model covers the full support of the target distribution. To
address this gap, we utilize the Vendi Score, a metric explicitly designed to measure
diversity among generated samples. It is defined as the exponential of the Shannon
entropy of the eigenvalues of a similarity matrix. Higher Vendi Scores thus reflect

richer diversity, complementing FID’s assessment of image fidelity.

8.7 Experimental Results

We conducted initial experiments on the CIFAR-10 dataset using a U-Net architec-

ture with 7= 1000 timesteps.

8.7.1 Fixed Variance Baseline

In our first set of experiments, we fixed the variance schedule to the standard DDPM
trajectory and only learned the distribution over the mean (i.e., predicting ¢’ and A).
As shown in Figure 8.4, the model successfully generated high-quality images re-
sembling CIFAR-10. However, the model learned a very narrow distribution (high
certainty) for the means, behaving almost identically to a standard deterministic dif-
fusion model. Consequently, the diversity of the output was not significantly im-

proved.
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Figure 8.4: Images generated by an Epistemic Diffusion Model trained on CIFAR-
10. In this experiment, the variance was fixed, resulting in high-quality but standard
diversity outputs.

8.7.2  Full Bayesian Learning

We then attempted the full formulation: learning the Inverse-Gamma distribution
over the variance alongside the mean. We tested both uninformative priors and priors
learned from variance schedules. Unfortunately, these experiments resulted in a
degradation of image quality. Our analysis suggests that the unconstrained learning
of the variance gave the model “too much freedom.” Without sufficient constraints,
the model struggled to converge to the delicate noise schedule required for stable
diffusion. Another set of experiments was to parameterize the variance schedule
and learn the distribution over the schedule. This led to better results but it still

lacked in overall qaulity.



84

CelebA Cifar-10

FID | Vendi Score T FID| Vendi Score T
Reference - 6.95 - 8.48
Standard Diffusion 16.2 5.73 22.1 4.37
Fixed Variance 15.6 5.48 21.8 4.11
Full Bayseian 27.8 6.75 37.1 5.87
Parameterized Schedular 23.3 6.21 34.9 5.01
Image Manifold 17.2 5.97 22.9 4.58

Table 8.1: Performance of Standard GAN and different modes of epistemic diffu-
sion model on Celeb-A and Cifar-10 dataset. Reference represents the Vendi score
(diversity) of the training data.

8.7.3 Manifold-Aware Diffusion

The failure of unconstrained variance learning points the way forward: we must
constrain the training process to the geometry of the data. Images reside on a low-
dimensional manifold within the high-dimensional pixel space. Standard diffusion
models implicitly learn to point towards this manifold.

To stabilize Epistemic Diffusion, we propose to explicitly incorporate Manifold
Learning. By forcing the diffusion process to respect the approximate image mani-
fold, we can constrain the variance estimation to ’tangential” and “normal” compo-
nents relative to the data surface [149].

In this direction, projection-based Diffusion was primarily investigated. This
entails projecting the noisy samples back onto the estimated manifold after each
sampling step to prevent drifting into low-probability regions. This was achived
using an autoencoder’s decode—encode cycle. As shown in Figure 8.5, this displayed
considerable promise and much better results.

By constraining the epistemic uncertainty to the geometry of the data, we aim
to achieve the dual goals of high-fidelity generation and enhanced sample diversity.
Table 8.1 presents the qualitative results accross different experimental settings on

cifar-10 [78] and CelebA [89] datasets.
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Figure 8.5: Images generated by an Epistemic Diffusion Model with image manifold
trained on CIFAR-10.

8.8 Conclusion

This chapter introduced Epistemic Diffusion Models, a novel framework designed
to inject second-order uncertainty into the generative process. By learning a dis-
tribution over the noise parameters—specifically using a Normal-Inverse-Gamma
prior—we moved beyond the deterministic or rigid variance schedules of standard
diffusion models.

Our initial experiments highlighted a critical trade-off: fixed-variance models
maintain high fidelity but fail to improve diversity, while unconstrained fully Bayesian
models suffer from training instability and quality degradation. However, by intro-
ducing Manifold-Aware Diffusion, specifically through projection-based constraints,
we successfully stabilized the training.

The results demonstrate that constraining the epistemic uncertainty to the intrin-

sic geometry of the data manifold yields a sweet spot. As evidenced by the Vendi
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Scores on CIFAR-10 and CelebA, our manifold-aware approach enhances sample
diversity (e.g., Vendi Score 5.97 vs. 5.73 for baseline on CelebA) while maintain-
ing competitive image fidelity. This confirms that modelling the uncertainty of the
generation process is a viable path toward more creative and diverse generative Al,

provided the exploration is grounded in the data’s underlying structure.
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Chapter 9

EPISTEMIC GENERATIVE ADVERSARIAL NETWORKS

9.1 Introduction

Generative models have achieved remarkable progress in synthesizing high-fidelity
images, audio, and text, with Generative Adversarial Networks (GANs) standing
out for their sample quality and training efficiency [18, 117, 92]. These models have
revolutionized various domains, from computer vision to natural language process-
ing, demonstrating unprecedented capabilities in generating realistic synthetic data
[152]. Yet, despite numerous advances in objectives, architectures, and regulariza-
tion techniques, lack of output diversity persists as a major challenge plaguing GAN’s

and related generative approaches [117, 92, 124].

9.1.1 The Problem of Mode Collapse

GAN s often exhibit mode dropping and mode collapse, producing samples that look
plausible but concentrate on a narrow subset of the target distribution [120, 117].
This phenomenon occurs when the generator fails to capture the complete range
of diversity present in the training data, instead focusing on generating limited and
repetitive variations of samples [92, 13]. Mode collapse arises from imbalances in
the training dynamics between the generator and the discriminator [120]. For exam-
ple, if the discriminator is weak or learns too slowly, the generator can exploit this by
converging to a narrow set of outputs that consistently fool the discriminator [92].
The discriminator, seeing only limited patterns, gives the generator no incentive to
explore other modes [120].

This imbalance erodes coverage, biases downstream analyses, and obscures fail-

ure modes that are crucial for trustworthy deployment [120, 30]. In applications
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such as medical imaging or autonomous driving, where diverse and varied outputs
are essential, mode collapse poses critical challenges [30, 124].

Addressing the diversity problem requires not only better training dynamics but
also principled approaches to quantify and leverage uncertainty in the generative
process [112, 60]. While traditional approaches mitigate mode collapse through
heuristics or architectural tweaks, they often lack a principled theoretical framework

for modeling the uncertainty inherent in the generative process itself.

9.1.2  Our Contribution: Epistemic GANs

In this chapter, we introduce a novel approach that leverages the Dempster-Shafer
Theory of Evidence to address the diversity problem in GANs. By extending the
traditional GAN framework with evidence-theoretic principles, we create genera-
tive models that capture greater diversity and provide meaningful measures of con-
fidence.

This is achieved through three key innovations:

1. Evidential Discriminator: Modifying the discriminator to predict a belief func-
tion [34] rather than a probability distribution. This allows the discriminator
to express “ignorance” regarding ambiguous samples, rather than being forced

into a binary decision.

2. Region-wise Uncertainty in Generator: Introducing architectural enhance-
ments to the generator that enable region-wise uncertainty estimation via be-

lief function prediction over perceptual states.

3. Generalized Evidential Loss: Developing a GAN loss formulation that op-
erates within the belief function framework, explicitly penalizing conflicting

beliefs and encouraging the generator to explore diverse modes.
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9.2 Theoretical Framework

9.2.1 Dempster-Shafer Theory in GANs

The Dempster-Shafer theory provides a robust mathematical framework for reason-
ing under uncertainty [42, 39]. Unlike traditional Bayesian approaches, it handles
incomplete evidence by assigning belief masses to sets of propositions.

In the context of a GAN, the propositions are typically {Real} and {Fake}. Stan-
dard GAN discriminators output a probability P(Real), implying P(Fake) = 1 —
P(Real). This forces a decision even when evidence is scarce (e.g., pure noise in-
puts). Our Epistemic GAN allows the discriminator to assign mass to the composite

set ® = {Real, Fake}, representing ignorance. This leads to a belief assignment:

breal = bel({real})’ bfake = bel({fake})

subject to the constraint brey + biake < 1. The remaining mass u = 1 — (Dreq) + Dfake)

represents the epistemic uncertainty.

9.3 Architecture

To embed evidential reasoning within the GAN architecture, we introduce targeted
modifications to both the discriminator and the generator.
9.3.1 Discriminator with Belief Outputs

We replace the standard single-neuron output of the discriminator with a dual-output

layer predicting belief masses (see Figure 9.1).

D(X) = (breala bfake)

These values are produced via sigmoid activations. The constraint byey + by < 1
is enforced via a regularization term in the loss function. Aside from this change,

the feature extraction backbone (e.g., DCGAN) remains identical.
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Figure 9.1: Discriminator architecture comparison. The Epistemic Discriminator
outputs two belief values, allowing for a residual ”ignorance” mass.

By encoding both the strength of support for “real” and for “fake,” the discrim-
inator conveys richer uncertainty information. If the discriminator is “ignorant”
(breal + bfake < 1), the gradients driving the generator are dampened compared to a

confident decision, preventing over-optimization against a confused discriminator.

9.3.2 Generator with Pixel-Wise Mass Prediction

Our generator is restructured into two sequential modules to incorporate uncertainty

into the synthesis pipeline (see Figure 9.2).

1. Mass Function Prediction Stage: The first module takes a latent vector z ~
p(z) and outputs parameters «;;xfor a Dirichlet distribution at each spatial

region (i, j). This defines a discrete mass function over intensity intervals.

2. Interval Sampling: We sample intervals from these Dirichlet distributions.

This acts as a structured, learned noise injection.

3. Image Construction Stage: The second module decodes this map of inter-

vals into the final image X via upsampling and convolutions.

This architecture allows the generator to ”operationalize” intervals. The variance

in the sampled intervals forces the second module to be robust to a wider range of
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Figure 9.2: Generator Architecture and flow for Epistemic GANs. The generator
predicts mass functions (Dirichlet parameters) for regions, samples intervals, and
then constructs the image.

inputs, preventing it from collapsing to a single deterministic output and thereby

enhancing diversity.
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Figure 9.3: Representation of a belief function with Borel intervals used in the gen-
erator’s intermediate representation.

9.4 Loss Function

We redesign the adversarial objectives to incorporate evidential reasoning.
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9.4.1 Discriminator Loss

The discriminator DKs trained to maximize belief in the correct label while mini-

mizing the “ignorance” gap for clear samples.
Lik= = Bxepy [0 brea (30 +10g ({ = biue (%)
~Erep(z) [ 0gbske (G(2)) log((— breal(G(Z)))](
+ ABxpy., [max( » breal (X) + bpaxe (X) — 1)]

+ /lEz~p(z) [maX( s Dreal (G(Z)K: Drake (G(Z

) - 1)]£K
nalize violations Of the belief

The regularization terms (weighted by A) strictly

summation constraint bre, + bae < 1.

9.4.2 Generator Loss

The generator GKiims to fool the discriminator but is also regularized to maintain

diversity.

Lok= —E;p() [ 08 breal (G (2)) +10g(( —bfake(G(Z)))](
+BE;; C’af[ ir((’iﬂﬂ](
+¥Ei jfwid

* The Adversarial Term drives GKo generate samples classified as real.

* The Variance Term (weighted by ) encourages the Dirichlet distributions to

have high variance, promoting exploration and diversity.

* The Interval Width Term (weighted by y) penalizes overly wide intervals,

encouraging precision and realism.

This dual-objective creates a minimax-style equilibrium: variance encourages di-

versity, while width enforces precision.
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Table 9.1: Performance of Standard GAN and Epistemic GAN on CelebA, CIFAR-
10, and Food-101. Reference represents the Vendi score (diversity) of the training
data. Epistemic GAN achieves lower FID and higher Vendi Scores.

CelebA Cifar-10 Food101
FID| VendiT FID| VendiT FID| VendiT
Reference - 6.95 - 8.48 - 16.29

Standard GAN  18.5 5.70 25.9 425 3376 12.78
Epistemic GAN 17.3 5.86 24.1 4.53 291 13.82

9.5 Experiments

9.5.1 Experimental Setup

Datasets: We evaluate on CelebA [89] (faces), CIFAR-10 [78] (objects), and Food-
101 [16] (fine-grained categories). These datasets provide a robust testbed for both
fidelity and diversity.

Implementation: We use a DCGAN [119] backbone for both the Standard GAN
baseline and our Epistemic GAN. We deliberately chose this simple backbone to
isolate the contribution of the evidential framework from architectural engineering
(like StyleGAN). Hyperparameters were setto A = 1,5 =1,y = 1. All models were
trained for equal epochs with Adam optimizer.

Metrics:

* Fréchet Inception Distance (FID) [62]: Measures image quality (lower is bet-

ter).

* Vendi Score [50]: Measures sample diversity (higher is better).

9.5.2  Results and Analysis

Table 9.1 presents the quantitative results. The Epistemic GAN consistently outper-
forms the Standard GAN across all datasets in both quality and diversity.
On Food-101, a challenging dataset with 101 classes, we see a significant re-

duction in FID (33.76 — 29.1) and a boost in Vendi Score (12.78 — 13.82). This
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confirms that explicitly modeling epistemic uncertainty helps the generator cover

more modes of the distribution.

Qualitative Results

Figure 9.4 compares generated samples. While visual differences can be subtle,
the Epistemic GAN avoids “mode dropping,” generating a wider variety of facial

features and accessories compared to the baseline.

Standard GAN Epistemic GAN

Figure 9.4: Generations for Standard GAN (left) and Epistemic GAN (right) on
Celeb-A.

9.5.3 Ablation Studies

We conducted extensive ablations to validate our design choices.
Loss Components: Table 9.2 analyzes the impact of S (variance) and y (width)

terms. The results show that without g (variance term), diversity drops. Without yK

Table 9.2: Ablation for yknd 8 on CelebA. [FID (Vendi Score)]. The best balance
is achieved when both terms are active (~ 1).

yKBK 0 0.5 1 2
0 |174(535 17.1(5.11) 20.1(6.20) 23.7 (6.30)
0.5 | 18.9(5.43) 17.5(5.71) 18.4(5.98) 20.2(5.87)
1 |19.1(5.05) 19.71(5.70) 17.4(5.82) 22.6(6.01)
21.6 (5.01) 23.1(5.33) 19.6(5.77) 21.7(5.92)
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(width term), quality (FID) degrades as the model produces overly vague intervals.

Furthermore, Table 9.3 presents the ablation study on the CelebA dataset for dif-

ferent values of the trade-off parameter A, analyzing the impact of the normalization
constraint.

Table 9.3: Ablation study for A on the CelebA dataset. Results are reported in FID
(Vendi Score) format.

AK 0 0.5 1 2
Score 19.4 (5.88) 17.4(5.70) 17.3(5.90) 20.1(6.01)

Architecture Components: Table 9.4 shows that using both the Evidential Dis-

criminator and Generator is necessary for optimal performance.

Table 9.4: Ablation for architecture components on CelebA.

Configuration FID (Vendi Score)
Evidential Discriminator Only 15.1 (5.15)
Evidential Generator Only 19.2 (5.97)
Full Epistemic GAN 17.3 (5.86)

Training Stability: We measured the computational cost (Table 9.5). The Epis-
temic GAN incurs a negligible overhead (= 1.5% increase in time per epoch), mak-

ing it a practical drop-in replacement.

Table 9.5: Training time per epoch on CelebA (5 runs).

Model Time (sec)
Standard GAN 7591 + 1.79
Epistemic GAN 77.10 + 1.86

9.6 Application: Synthetic Data for Autonomous Driving

One of the biggest challenges in developing generalizable and robust deep learning
models is the limited availability of diverse training data. This issue is particularly
critical in the domain of autonomous driving, where real-world data collection is

expensive, time-consuming, and often unable to capture the full range of rare or
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edge-case driving scenarios. A promising solution to this challenge is the use of
synthetic data generation, which allows researchers to supplement real datasets with
artificially created but realistic samples.

Synthetic data has already been shown to significantly enhance model perfor-
mance, robustness, and generalization by exposing models to a broader distribution
of inputs than real-world data alone can provide [128, 4]. Building on this idea, we
propose Epistemic Generative Adversarial Networks for creating synthetic dataset
for object detection and segmentation which can be utilized in autonomous driving
pipeline. Unlike conventional GANs, Epistemic GANSs are specifically designed to
capture and model epistemic uncertainty, thereby enabling the generation of more
diverse and representative training samples.

By leveraging Epistemic GANs, we aim to produce high-quality synthetic road
scenarios—ranging from common traffic conditions to rare and unpredictable edge
cases—that can be used to train next-generation autonomous driving models. This
approach not only addresses the problem of limited data diversity but also paves the
way for safer, more reliable, and more generalizable autonomous vehicle systems.

To this end, we train our proposed Epistemic GAN on the Cityscapes dataset
[31], using 2,975 training images and a Pix2Pix-style [70] conditional adversar-
ial setup. Given a semantic segmentation mask as input, the generator synthesizes
a photorealistic street-scene image, while the discriminator judges realism condi-
tioned on the same mask. The experiments look promising: the model preserves
road topology and overall layout, and it avoids most mode-collapse. Figure 9.5

represnts qualitative results for Epistemic GANs on the Cityscapes dataset.

9.7 Conclusion

This chapter introduced Epistemic Generative Adversarial Networks, a novel gen-
erative framework grounded in the Dempster-Shafer theory of evidence. By equip-

ping the discriminator with the capacity to express “ignorance” and the generator
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Input Masks

Figure 9.5: Epistemic GAN generations for road scenarios on Citiscape dataset.

with region-wise uncertainty awareness, we fundamentally altered the adversarial
dynamics that typically lead to mode collapse.

The extensive experimental evaluation validates this theoretical shift. Across
diverse datasets—from facial synthesis (CelebA) to fine-grained object generation
(Food-101)—Epistemic GANs consistently outperformed standard baselines. Cru-
cially, the improvement was not merely in visual fidelity (lower FID) but in the
breadth of the learned distribution, as evidenced by significantly higher Vendi Scores.
Our ablation studies further confirmed that the delicate balance between the variance-
promoting term () and the precision-enforcing term (y) is essential for achieving
these gains.

Furthermore, the application to the Cityscapes dataset demonstrates the prac-
tical utility of this approach. By generating diverse, high-fidelity synthetic road
scenes, Epistemic GANSs offer a scalable solution for creating robust training data

for autonomous driving systems, particularly for rare or edge-case scenarios that are



difficult to capture in the wild.
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Chapter 10

APPLICATION IN AUTONOMOUS DRIVING

10.1 Introduction

In the previous chapters, we developed a suite of methods for quantifying epistemic
uncertainty in deep learning, ranging from classification (RS-NN) to generative
modeling (RS-LLM, Epistemiv Diffusion Models, and Epistemic GANs). In this
final chapter, we apply these theoretical advancements to one of the most demand-
ing and safety-critical applications of modern Al: Autonomous Driving (AD).

A fundamental limitation of existing autonomous driving datasets is the ab-
sence of explicit, temporally persistent annotations of road user infent and long-
term goals. Current datasets typically provide low-level information—trajectories,
bounding boxes, or short-horizon manoeuvre labels—but rarely explain why an agent
behaves in a certain way. Consequently, models are trained to predict what an agent
is doing, but not the underlying intent that drives that behavior.

To address this, we introduce two major contributions:

1. The ROAD-INTENT Dataset: A novel dataset featuring choreographed sce-
narios with known ground-truth intent, specifically designed to capture am-

biguous and unexpected events.

2. Random-Set Vision Language Models (RS-VLMs): An extension of our
RS-LLM framework to the multi-modal domain. We use RS-VLMs to auto-
mate the labeling of the ROAD-INTENT dataset, providing video descriptions

enriched with epistemic uncertainty scores.
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10.2 The ROAD-INTENT Dataset

The primary motivation behind ROAD-INTENT is to enable the rigorous training of
advanced prediction algorithms, particularly those relying on epistemic inverse re-

inforcement learning [109], preference learning [25], and theory-of-mind reasoning

[7].

10.2.1 Data Collection at the RACE Facility

Data collection will be conducted at the RACE facility at the Culham Centre for Fu-
sion Energy. This facility offers a large, sandboxed campus that serves as a realistic
proving ground. It features a closed-road network with junctions, pedestrian cross-
ings, parking areas, and RADAR-realistic movable foam infrastructure (see Figure
10.1). This allows for the controlled repetition of scenarios while preserving the

sensor noise characteristics of the real world.

Figure 10.1: RADAR-realistic roadside infrastructure at the RACE facility, allowing
for reconfigurable urban layouts.

The data capture involves a multi-perspective sensor suite:

* Ego Vehicle (EV): Equipped with automotive-grade LiDAR, Cameras, GPS,
IMU, and CANBus data (velocity, steering, throttle).

* External Sensors: Vehicle-mounted GoPros on non-ego vehicles.
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* Wearable Sensors: Chest/head-mounted cameras on pedestrian and driver ac-

tors.

 Aerial View: Drone-mounted cameras providing a bird’s-eye view for global

trajectory alignment.

10.2.2  Scenario Design and Complexity

A distinguishing feature of ROAD-INTENT is the deliberate inclusion of unex-
pected events—sudden changes of intent, hesitation, or near-misses—that are dan-
gerous to capture on public roads. We defined varying levels of Complexity for each
scenario to systematically test epistemic uncertainty.

Example Scenario: Giving Way This scenario examines interactions where
intent is revealed late.

* Complexity 1 (Expected):

Car 1 is parked on the same side of the road as the ego vehicle. Before the
ego vehicle reaches Car 1, Car 1 signals and leaves the parking spot. The ego

vehicle passes while Car 2 continues driving from the opposite direction.
Intent: Car 1 leaves the parking spot; Car 2 drives on.

Actions: Signalling, driving out, passing.

* Complexity 2 (Ambiguous):

The ego vehicle reaches Car 1 and stops to give way. Car 2 passes from the op-

posite direction. The ego vehicle then continues while Car 1 remains parked.
Intent: Car 1 stays in the parking spot; Car 2 drives on.

Actions: Waiting, passing.

* Complexity 3 (Unexpected):
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The ego vehicle stops to allow Car 2 to pass. After Car 2 has passed and the

ego vehicle begins to move, Car 1 unexpectedly signals and pulls out, forcing

the ego vehicle to stop abruptly.
Intent: Car 1 leaves the parking spot; Car 2 drives on.

Actions: Sudden signalling, unexpected merge, abrupt stopping.

This structure ensures that the dataset contains the necessary “epistemic shocks”

required to train robust uncertainty-aware models.

(a) Complexity 1

(b) Complexity 2

(c) Complexity 3

Figure 10.2: Illustration of the Giving Way scenario across three levels of complex-

ity. (a) Expected behaviour. (b) Ambiguous behaviour. (c) Unexpected behaviour
causing a near-miss.

10.2.3  Annotation Protocol: Intent vs. Action
The annotation strategy explicitly separates Observable Action from Latent Intent.

* Action Labels: Low-level behaviors aligned with sensor data (e.g., walking,

waiting, signaling). These change dynamically.

* Intent Labels: Medium-to-long term goals (e.g., intention to cross, intention
to load vehicle). These are derived from the a priori choreography and remain

fixed even if the agent hesitates.
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This separation is crucial for Inverse Reinforcement Learning (IRL) for autonomous
driving, as it allows algorithms to learn that an agent stopping at a curb (action) still

possesses the desire to cross (intent), but is inhibited by oncoming traffic.

10.3 Random-Set Vision Language Models (RS-VLMs)

To scale the annotation of such a complex dataset, manual labeling is insufficient.
We require an automated system that can describe video scenes while quantifying
its own reliability. To this end, we extend the RS-LLM framework (Chapter 7) to
the multi-modal domain, introducing the Random-Set Vision Language Model (RS-

VLM).

10.3.1 Methodology and Architecture

The RS-VLM aligns closely with the RS-LLM but incorporates a visual encoder to
process video frames. We utilize the InternVideo2.5-Chat-8B architecture [147],

which combines:
1. Visual Encoder: InternViT [24] to encode frames into embeddings.
2. Language Model: InternLM?2.5-7B [20] to generate text.
3. Projector: An MLP to map visual tokens into the LLM’s input space.

Epistemic Modification: Standard VLLMs predict a probability distribution over
the next token using Softmax. This forces a choice even when visual evidence is
ambiguous (e.g., a blurry road sign). RS-VLM replaces the final layer to predict
a Belief Function over sets of tokens. The output space is defined by a budget O
of focal sets obtained via hierarchical clustering of the vocabulary (as described in
Section 7.3.1).

The model is trained using the epistemic loss function Lgg:

Lrsi= Lpce (bel,bel) + oM, g BM,k (10.1)
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where M,gand Mggenforce the non-negativity and sum-to-one constraints of the

Dempster-Shafer theory.

4 RS-VLM

Image/ Vision Ly Projection , 4 )
Video Encoder Layer |
e Bel
RS-LLM Function
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\ Embedding . ) )
\. — %

Figure 10.3: Architecture flow of RS-VLM. Visual tokens from the video encoder
are concatenated with text prompts. The model predicts a belief function over a bud-
get of token sets, which is converted to a mass function for uncertainty estimation.

10.3.2  Experiments

We evaluated RS-VLM on standard Video QA benchmarks to ensure that the epis-

temic modification does not degrade performance.

Datasets

* MSVD-QA [153]: A dataset of short YouTube clips with descriptions.

* TGIF-QA [85]: A large-scale dataset of animated GIFs focusing on spatio-

temporal reasoning (repetition counting, state transitions).

Performance Comparison

Table 10.1 shows the accuracy of RS-VLM compared to the standard InternVideo2.5
baseline. RS-VLM matches or exceeds the performance of the standard model,

confirming that belief-function training preserves the representational power of the

VLM.

Hallucination Detection

A critical requirement for automated labeling is detecting when the model is "hallu-

cinating” (generating text not supported by the video). We tested this by randomly
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Table 10.1: Performance (Accuracy) of Standard VLM and RS-VLM on MSVD-QA
and TGIF-QA.

Model MSVD-QA TGIF-QA
Standard VLM 0.72 0.71
RS-VLM 0.71 0.73

replacing the input video with an irrelevant one while keeping the question constant.
The model’s uncertainty was measured using the entropy of the Pignistic Probability.

As shown in Table 10.2, RS-VLM demonstrates superior separability between
Correct Context (CC) and Incorrect Context (IC), achieving significantly higher AU-
ROC scores (89.62 vs 75.31 on MSVD-QA). This proves that RS-VLM can reliably

flag its own hallucinations.

Table 10.2: Hallucination Detection: Uncertainty evaluation (Entropy) on Correct
(CC) vs Incorrect (IC) video contexts.

Model MSVD-QA TGIF-QA

CC (1) IC() AUROC  CC(]) IC(1)  AUROC
Standard VLM 0.58 +0.36 0.73+0.55 7531 0.77+046 124+071  73.68
RS-VLM 0.19+0.15 045+029 89.62 026+025 0.79+0.81 88.13

10.4 Annotating ROAD-INTENT with RS-VLM

We applied the validated RS-VLM to the task of annotating the ROAD-INTENT
dataset. The goal is to generate high-level textual descriptions of actor intent to

facilitate Inverse Reinforcement Learning (IRL).

10.4.1 Qualitative Results

We prompted the RS-VLM with: “This video is the dashcam view of a car. This
is the road view and there are different actors in this video. Describe in detail the
actions and intent of all actors (cars and pedestrians). How did their actions affect

the driving?”
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Using a sample video from the dataset (Figure 10.4), the model generated the

following description:

“The video shows a road with a building on the left and a fence on the
right. A black car is approaching from the distance. As the car gets
closer, a person wearing a red jacket and carrying a backpack walks
towards the car from the right side of the road. The car stops near
the person, and another person wearing a black jacket and carrying a
vellow backpack walks towards the car from the left side of the road.

The car then starts moving forward and drives away from the camera.”

The model correctly identified the key actors, their clothing (red/black jackets),
and the interaction dynamics (stopping/moving). Crucially, these generations come

with an uncertainty score derived from the credal set width.

10.4.2  Impact on Inverse Reinforcement Learning

The integration of RS-VLM annotations enhances the IRL pipeline in three ways:

1. Semantic Abstraction: Converting raw pixels to text helps the IRL algorithm
learn rewards based on high-level concepts (e.g., “pedestrian waiting’’) rather

than visual noise.

2. Intent Modeling: By explicitly prompting for "intent”, the model provides the

latent variables necessary for Theory of Mind reasoning.

3. Uncertainty Integration: The RS-VLM’s uncertainty score acts as a filter.
IRL algorithms can be designed to weigh high-confidence annotations heav-
ily while disregarding ambiguous ones, preventing the learning of dangerous

behaviors from noisy labels.
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Figure 10.4: Sample frames from the ROAD-INTENT dataset used for automated
annotation.

10.5 Conclusion

This chapter demonstrated the practical translation of our theoretical frameworks
into the high-stakes domain of autonomous driving. By establishing the ROAD-
INTENT dataset, we addressed a critical gap in existing resources: the absence of
ground-truth intent labels for ambiguous road scenarios. The deliberate inclusion
of “epistemic shocks”—situations where intent is hidden or changes suddenly—pro-
vides a necessary proving ground for the next generation of robust prediction algo-

rithms.
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To make this complex dataset usable at scale, we developed the Random-Set
Vision Language Model (RS-VLM). This architecture successfully extends our RS-
LLM methodology to multi-modal inputs, allowing for the automated generation of
intent descriptions that are both semantically rich and statistically reliable. Crucially,
the RS-VLM does not just describe a scene; it quantifies its own uncertainty about
that description.

The experimental validation confirms that RS-VLMs match the accuracy of stan-
dard models while offering superior hallucination detection capabilities (AUROC of
89.62 on MSVD-QA). By integrating these uncertainty-aware annotations into the
Inverse Reinforcement Learning pipeline, we pave the way for autonomous systems
that can learn not just to mimic human actions, but to understand the intent behind

them—and, vitally, to recognize when that intent is unclear.
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Chapter 11

CONCLUSION AND FUTURE WORK

11.1 Summary of Contributions

This thesis began with a simple but troubling observation: modern Deep Learning
models are incredibly powerful, yet dangerously overconfident. From a classifier
mistaking a blurred image for a definite class, to a Large Language Model confi-
dently hallucinating a historical fact, the inability of standard Al to say ‘I don’t
know’’ poses a massive risk to their deployment in the real world.

The central hypothesis of this work was that Epistemic Uncertainty—the un-
certainty arising from a lack of knowledge—can be rigorously modelled using the
mathematical framework of Random Sets (Belief Functions), and that this can be
done without sacrificing the scalability required for modern neural networks.

Over the course of this thesis, we have substantiated this hypothesis through

several key contributions:

1. Solving the Scalability Bottleneck: We addressed the exponential complex-
ity of random sets (2 ) by introducing Budgeting. By using unsupervised
clustering (GMMs for RS-NN, Hierarchical Clustering for RS-LLM), we showed
that we can restrict the output space to a manageable set of semantically mean-

ingful focal sets. This was the foundation that made everything else possible.

2. Random-Set Neural Networks (RS-NN): We moved beyond point-estimate
classification. The RS-NN predicts belief functions, allowing it to achieve
state-of-the-art results in Out-of-Distribution (OoD) detection and adversarial

robustness, while remaining as fast as a standard CNN at inference time.

3. A Unified Evaluation Framework: We recognised that existing metrics like
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Accuracy are insufficient for set-valued predictions. We proposed a new met-
ric (&) that balances the trade-off between being correct (Distance) and being
informative (Non-specificity), providing a fair way to benchmark epistemic

models.
4. Epistemic Generative AI: We extended these ideas to the generative frontier.

* With RS-LLMs, we showed that predicting belief functions over token
sets helps detect hallucinations and improves factual consistency in text

generation.

* With Epistemic GANs and Diffusion Models, we demonstrated that mod-
elling the uncertainty of the generation process itself significantly im-

proves the diversity of generated images, mitigating mode collapse.

5. Real-World Application: Finally, we grounded these theories in the high-
stakes domain of Autonomous Driving. We created the ROAD-INTENT dataset
and developed RS-VLMs to automatically annotate actor intent with uncer-

tainty scores, paving the way for safer self-driving systems.

11.2 Limitations

Despite these successes, there are limitations to the current approach that must be
acknowledged.

Dependence on Budgeting: The performance of our models relies heavily on
the quality of the pre-computed budget. If the initial clustering fails to capture the
true semantic ambiguities of the dataset, the model’s ability to express uncertainty
is compromised. Currently, this budget is fixed before training. Ideally, the budget
should be dynamic and learned end-to-end along with the model weights.

Hyperparameter Sensitivity: Our loss functions introduce regularization terms

(e.g., @, B for mass validity) and trade-off parameters. While we found stable values
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for our experiments, these add an extra layer of complexity to the training process
compared to standard Cross-Entropy.

Computational Overhead in Generation: While RS-NN classification is fast,
sampling from Epistemic Diffusion models or RS-LLMs involves slightly more com-
plex operations (sampling from Dirichlet or Inverse-Gamma distributions) than stan-

dard sampling. While still small for large models, it is a non-zero cost.

11.3 Future Work

The work presented here opens several exciting avenues for future research.

11.3.1 Dynamic and End-to-End Budgeting

A natural next step is to remove the fixed budget constraint. We aim to explore
methods where the focal sets are learned dynamically during training, perhaps us-
ing attention mechanisms to identify which subsets of classes are currently causing

confusion and adding them to the budget on the fly.

11.3.2 Manifold-Aware Diffusion

As discussed in Chapter 8, unconstrained variance learning in diffusion models can
be unstable. Future work will focus on constraining the epistemic diffusion process
to other intrinsic geometry (manifold) of the image data, potentially using Rieman-

nian flow matching techniques.

11.3.3 Towards Random-Set Concept Models

One of the most promising extensions of RS-LLMs work lies in moving beyond to-
kens. Despite the amazing progress of large language models, there is still a gap
between what they do and how people actually think. Humans don’t just predict the
next word; we plan, revise, and reason across different levels of abstraction—from

a rough idea, to a structured outline, down to the exact phrasing. LLMs, even the
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strongest ones, often struggle with that kind of explicit, multi-level planning. They
can do chain-of-thought or tool use, sure, but it is not the same as holding and ma-
nipulating concepts across layers like a person does. Large Concept Models (LCMs)
[12] take a step toward that goal by moving away from pure token-level processing
and working in an abstract embedding space where reasoning can be more hierar-
chical.

These LCMs can extended with Random-Set inference, creating Random-Set
Large Concept Models (RS-LCMs). Instead of committing to a single point in con-
cept space, an RS-LCM will predict a mass function over regions of the embedding
manifold, placing belief on sets of candidate concepts rather than just one. Practi-
cally, this can be achived by belief using a low-dimensional Dirichlet distribution

Dir(«e;;) with three concentration parameters a1, @2, 3.

11.4 Final Words

This thesis has argued that Al systems must be self-aware of their limitations to be
truly trustworthy. By marrying the rigour of Random Set theory with the power of
Deep Learning, we have provided a set of tools to make this possible. We hope this
work serves as a foundation for a future where Al not only answers our questions

but also tells us, with honesty and precision, when it simply does not know.
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